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Abstract

Let f(2), z = (21, .., 2q), be a rational map from C? to itself. We describe a method for
finding polynomials p(z) which have the invariance property p(f) =t - p(z) - j;, where tis a
nonzero constant, and j ¢ is the Jacobian determinant of f. In particular, if p(z) and ¢(z) are
two such invariant polynomials, then r(z) = p(z)/q(z) is an integral of f in the sense that
r(f(z)) = r(z) for almost every z.

1 Birational maps

A mapping f = (f1,..., f1) : C* — C9 is said to be rational if each coordinate function is
rational, that is, f; = p; /q; is a quotient of polynomials. A rational map f of C¢ induces a map
f=1[fo: fi:-: fa] of P4 through the identification [1 : z1 @ -+ @ z4] ¢ (21,...,24).

By dividing out common factors, a rational map f can be written in the form where f;’s are
homogenous polynomials of lowest possible degree. A rational map f : P — P is said to be
birational if there exists another rational map g : P* — P? and an algebraic variety V such that
fog:gof:IdonPd\V.

Let f = [fo: fi:---: f4] : P — P? be birational. The indeterminacy locus is the set

I(f) ={z € P*: fo(a) =+ = fa(x) = 0},
and the birational map f defines a homolorphic map on P? \ Z( f) to P4, For a € PY, let

Cly(a) = lim f(a'),
a’'"—a

be the set of all limits of f(a’) for a’ € P?\ Z(f) as @’ — a. The cluster set Clf(a) contains
more than one point exactly when a € Z. In this case, the cluster set is a connected variety of
dimension at least one. We say that an algebraic variety S is invariant if .S’ is not contained in
Z(f) and if the closure of f(S — Z(f)) is equal to S. We define j¢ to be the determinant of the
(d+1) x (d+ 1) matrix (9f;/ axj)o <ij<q Anirreducible subvariety V is called exceptional if
V —Z(f) # 0 and if dim f(V — Z(f)) < dimV. The exceptional locus, E(f), is the union of all
irreducible exceptional varieties. It is evident that the exceptional locus is where the jacobian of f
vanishes.
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For a homogeneous polynomial & we consider the condition that there exists ¢ € C* such that
hof=t-js-h. (1)

If hy,..., h,, satisfy (1), then their linear combination also satisfies (1) and the quotient of any
two of these polynomials will give an invariant function ¢ in the sense that ¢ = ¢ o f. If there
exists such a rational function ¢, we say that the corresponding dynamical system is integrable.
Each map on dimension d can have at most d — 1 integrals. If a mapping f has d — 1 integrals,
we say that f is completely integrable. If f has an integral, we say that f is integrable. In case the
dimension d = 2, f can preserve either a rational fibration if deg (f™) grows linearly or an elliptic
fibration if deg (™) grows quadratically. (See [10] and [12].) If deg (f™) grows exponentially, the
surface map can not preserve a fibration. For a surface automorphism (the case d = 2), exponential
degree growth is equivalent to f having positive entropy. In [2] it is shown that certain surface
automorphisms with positive entropy have an invariant cubic satisfying (1). In [9] and [16], it
was shown that invariant curves have played a useful starting place in the construction of surface
automorphisms with positive entropy. In the case of [9], the invariant curve is useful because it
simplifies the problem of tracking the orbit of the exceptional curve and making it land on the
point of indeterminacy. However, as was shown in [2], invariant curves do not always exist.

Here we also consider the case d > 3. Several authors have considered the Lyness map. (See
for example [6], [7], [8], [13],[14], and [15]). In [4] it was shown that these maps have quadratic
degree growth. In fact, the Lyness process is a special case of the linear fractional recurrences

ag + a1z1 + axz2 + azzz + - -+ aqzq
bo + b121 + bazo + bgzs + - + bgza

Certain of pseudo-automorphism with positive entropy in dimension > 3 can have more than
one invariant hypersurfaces satisfying (1) and therefore those maps have an invariant foliation.
In contrast with the case d = 2, there are certain linear fractional recurrences which have both
exponential degree growth and integrals. Thus the level sets S, := {r(z) = ¢} form an invariant
fibration. In [5] we showed that the generic level sets S, are K3 surfaces. There are also a finite
number of invariant rational surfaces. Each level set S, is invariant. From Lemma 1.2 below, we
see that S, contains the set Z(f) UZ(f~1) UZ(r) and thus all the leaves of this fibration intersect.

Zd+1 =

Lemma 1.1. Let f : P! — P9 be a birational map. Suppose that S = {h = 0} is an f invariant
curve satisfying (1). Then the degree of h = d + 1.

Proof. Suppose the degree of f is equal to k. It follows that the degree of j is equal to (d +
1)(k — 1) and the degree of h o f is equal to k - (degree of h). If h satisfies (1) then we have
k- (degree of h) = (d+ 1)(k — 1) 4 (degree of h). O

For each exceptional irreducible hypersurface V' € £(f), let us set Oy = {V; = fIV :
=YW € Z(f),j > 1} the orbit of the critical image of V. Since V is exceptional, it follows that
codim V; > 2 forall V; € Oy.

Lemma 1.2. Suppose that S = {h = 0} is an f invariant curve satisfying (1). Then S contains
Oy for all exceptional hypersurface V. Furthermore if j; vanishes to order r at V then h will
vanish to order at least r at V; € Oy.

Proof. Since V is exceptional, we have for all x € V, j¢(x) = 0. Thus forall z € V' \ Z(f),
ho f(x) =t-js(x)- h(xz) = 0. It follows that V; = f(V') € {h = 0}. Since S is an f invariant,
S also contains every V; € Oy. O
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2 Surface maps

For the purposes of illustrating our method, we work in dimension d = 2. Let us consider a family
of birational maps f,, on P? of the form

fap (o s @1 @] = [xo(bxo + 1) : z2(bxo + 1) : o(azg + x2)]

fa_,bl : [.To X .TQ] — [$0$2 : xo(CLCEO +x1 — b.CCQ) : :L’l.CCQ].

The exceptional curves for the map f are given by the lines Xy = {z¢ = 0}, ¥g = {bxo+z1 = 0},
and X, = {axg + 2 = 0}. The indeterminacy locus Z(f) = {es, e1, p} consists of the vertices
of the triangle 39X, X3, thatis,es = [0:0:1],e; = [0:1:0],p = [1,—b, —a]. Using f,; and
f; 1} we see that

Jap Xorr e, X e, —qg=1[1:—a:0]
fa_bl {xa =0} —e1,30 — ez, {azg+ 21 =0} —p=[1:—b: —a.

We define the cubic polynomial j; := xq(bxo + z1)(axo + 22), so {jf = 0} is the exceptional
locus for f. We define the functions:

0 t—t3—tt 1+ ) t+t2+83 -1+ q
_ = an
a1 T+2t+e2 22443 ) F? 142t +12 t+¢2
p3(t) = (1+t,t—t1)
Theorem 2.1. Lett # 0, +1 with t3 # 1 be given. Then there is a homogeneous cubic polynomial

P satisfying (1) if and only if (a,b) = ¢;(t) for some 1 < j < 3. If this occurs, then (up to a
constant multiple) P is given by (2) below.

Proof. From Lemma 1.2, we know that if P is invariant under f, 4 and f_ bl, P must vanish at
e1,ez,pand ¢ = fup2q = [1 : —a : 0] . Using the conditions P(e;) = P(e2) = P(q) = 0, we
may set

Plzg : x1 : z2] =(—a*Cy + aC’z)xg + C’g:vlazg + ngzxg + Chzoz?

+ Cuzoz? + Cswoxi + Cox123 + Craorixo

for some C',...,C7 € C. Since eq,e2,q € {P =0}, we have Po f = j; - P for some cubic P.
A computation shows that

P =(—ab’C} + b*Cy + bC3 + aCs)xd + (—2abC) + 2bCo + C3)z123
+ (bCl + Cs + aCs + bC7)$21'% + (—a01 + Cg)xox% + 011'2.%% + (bCy + Cﬁ)xox%
+ 041‘11'% + (2b01 + 07)1‘01‘11'2.

Now setting P = tP and comparing coefficients, we get a system of 8 linear equations in
C4,...,C7 of the form

3 2 2 2 2 2 2t
M - [xy, 2125, T22G, TOTT, X5, TeX1T2, T1X5, T1T2)" = 0.

We check that there exist cubic polynomials satisfying (1) if and only if the two principal minors
of M vanish simultaneously, which means that

b(a + abt + abt* — b*t* — at® +bt°) =0
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14+ (1 —a—bt+ (a+ b2+ + % + (a —20)° + (1 —a +2b)t5 — 7" =0

Solving these two equations for a and b, we obtain ¢;, j = 1,2, 3 as the only solutions, and then
solving M = 0 we find that P must have the form:

Py ap(z) =azd(—1+ t)t* + mao(—1 + t)t(zs + 21t)
+ wo[2bz1 mat® + 2F(—1 + 1)t + 23 (—1 + ) (1 + bt)] 2)
a2 (—1 4+ 1) [a(xy + xat) + t(zy + (—2b + D)),

3 Higher Dimension Case

To illustrate the method, let us consider the map known as Lyness process defined by a linear
fractional recurrence relation :

a+z+ 23+ + 2

ya =
k+1 2
For a € C* we define a birational map on P*:
flzo -+ xg] = [woxy : woxy ¢ -+ g xo(axo + x2 + -+ - + k)]
f o mg] = [woxk s wolamo + 21 4 -+ 2p_y) : T1Tp 1 - 2 Tp_ 1T

The Jacobian of f is a constant multiple of xox’f_l (axg+xzo+- - -+xr). The Jacobian vanishes on
three hypersurfaces X9 = {z9 = 0}, %1 = {21 = 0}, and ¥, = {axo+x2+---+x = 0}. These
hypersurfaces are exceptional and are mapped to the lower dimensional linear subspaces. Unlike
the surface map, some of the images of exceptional hypersurfaces are again in the exceptional
locus:

fiX0— Sk Xop—1k— >Nz k—~>e=[0:1:0:---:0]
Yi—e=[0:---:0:1]
Yo XpN{axo+x1+ -+ a1 =0}
1S —e
Yo X1 — Xo12 > > 201 k-2 —> €k
{azog+ 1+ -+ 21 =0} = 1 N{azg+ 22+ - + 2, = 0}

where ¥ = {z; = 0,7 € I'}. To get an invariant hypersurface, we are looking for homogeneous
polynomials P satisfying

Pof:t-(xoxlf_l(axo+x2+--'+xk))'P 3)

for some ¢ € C*. Since f is a map on P*, from Lemma 1.1 we look for polynomials P of degree
k + 1. Recall that f maps X3 to e;. Thus by (3) we see that P will vanish to order at least £ — 1
at ey, since the Jacobian vanishes to order k — 1 at ¥;. Similarly, since f(Xg) = X ;, we see that
P must vanish at ¥ ;. Now starting with a point z € 3 j, we have f(z) € X x—1 %, so by (3),
P vanishes to order at least 2 on X ;1 . Continuing this way, we see that P vanishes to order
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at least k — j on X9 j42,. x for 1 < j < k — 1. Finally, since the Jacobian vanishes on 3,
and f(X,) = g N{axg + x1 + -+ + xz_1 = 0}, we see that P vanishes on ¥y N {axg + 1 +
-++ 4 21 = 0}. Iterating this, we see that P must vanish on f/(%,) forj = 1,...,k + 1 since
kaEa € ¥ N{axg + x2 + - -+ + o, = 0}. This process yields the solutions to (1):

P, = xox129 ... 71
Py = (axg+x1+ 22+ + ap)(xo + x1) (0 + 22) . .. (0 + xk)
Py = (zo(awo + 1+ x2 4 - + 1) + 2128) ¥

X (zg + 1 + x2) (o + 22 + 23) - -+ (TO + TR—1 + Tk)-

Thus we have rediscovered the invariants which were found earlier in [6], [11], and [14].
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