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1. Introduction

Stabilization of chaotic systems is an area of research experiencing a fast growth in the past years [1,2]. There seems
to be a general agreement in dividing the methods for control of chaos into two main groups. The first one is inspired by
the seminal paper of Ott et al. [3], and it relies on the adjustment of an intrinsic parameter of the system to stabilize one
of the infinite number of unstable periodic orbits embedded in a chaotic attractor. Two admitted drawbacks of this kind of
techniques are that a previous knowledge of the trajectory of the orbit to stabilize is needed, and that it may take a long
time to reach such an orbit (resulting in an undesired large number of chaotic transients).

In this paper, we focus our attention on a control technique belonging to a second group of methods based on external
perturbations [4]. Among them, we mention the methods more relevant to our discussion, namely, the constant feedback
method (CF) [5], the proportional feedback method (PF) [6,7], and the prediction-based control (PBC) [8-10].

An important remark is that all these methods can be considered as parametric control methods, since they are based
on the introduction of a new parameter in the dynamical system, in such a way that perturbations of this parameter can
stabilize the chaotic attractor.

For the sake of completeness and future reference in this paper, we give a brief review of these methods for the one-
dimensional difference equation

Xn+1 =f(Xl‘l)1 (1-1)
where f is a continuous real function.

Constant feedback method (CF). The constant feedback method of control proposed in [5] involves adding a new real
parameter c in the form of a constant feedback; thus system (1.1) becomes

Xn+1 =f(Xn) +c.
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If(1.1)is a model for population dynamics, values of ¢ greater than zero mean that a constant migration enters the population
at every generation, while negative values of the control parameter ¢ mean migration or harvesting at a constant rate. For
recent results and more references concerning this method, see [11-13].

Proportional feedback method (PF). This method was introduced in [6]. It involves multiplying the state variable by a constant
factor y > 0 for every p iterations, where p is an integer greater than zero. For the case p = 1, the map f becomes f (yx)
after the control. The biological interpretation is similar to that of the previous method, since a fraction of the population is
removed if y < 1, whereas afactor y > 1 means that a positive migration is added to the population size at each generation.
Recently, a number of analytical results for the stabilization of fixed points and periodic orbits using this control technique
have been proved [7,14,15].

Prediction-based control (PBC). The prediction-based control (or predictive control) was introduced by Ushio and
Yamamoto [10] in order to overcome some limitations of the so-called delayed feedback control [16]. The general form
of this method to stabilize a periodic orbit of (1.1) is written as

Xnp1 = F(xn) — @ (f*(Xn) — xa),
where f¥ is the kth iteration of f. When k = 1, this method becomes
Xnp1 = f(xp) — a(f (xn) — Xp) = axy + (1 — a)f (xn) := Fu(xn). (1.2)

This scheme has proved to be very efficient and robust to stabilize an unstable equilibrium of (1.1), see [8,9,17].

In this paper, we will restrict the range of values of the control parameter « to the interval [0, 1]. Under this assumption,
it is clear that F, (x) is a convex combination of x and f(x). An important implication, especially when (1.1) is a model of
population dynamics, is the following: assume that Eq. (1.1) is permanent, that is, there exists a compact interval [a, b],
with 0 < a < b, such that all solutions {x,} of (1.1) starting at a positive initial condition xy satisfy

a < liminfx, <limsupx, <b.
n— 00 n— 00
Then, the controlled equation (1.2) is permanent too. This is an important difference with other control methods, such as
CF, in which the application of a negative control ¢ can induce an Allee effect or even catastrophe bifurcations, driving the
population to extinction [12,13].

We also note that it is impossible to stabilize an unstable positive fixed point K of (1.1), if f'(K) > 1 using PBC with a

value of & € [0, 1). Indeed, in this case

FK)=Q-a)fK)+a>1—a+a=1.

A key point which distinguishes PBC scheme from CF and PF is that the former one stabilizes the equilibria of the original
(uncontrolled) system (1.1). Actually, if ¢ # 1, K is an equilibrium of (1.1) if and only if K is an equilibrium of (1.2).

Our main aim in this paper is to improve the existing analytic results on stabilization of equilibria using the PBC scheme
(1.2) in two directions. On the one hand, we prove that global stabilization is possible for a wide class of maps with a unique
positive equilibrium, avoiding the restrictions in the main result of [8]. On the other hand, we explore the possibility of pulse
stabilization, that is, the control is not applied every iteration, but only after a fixed number of m iterations. This aspect is
very important in practical situations, because sometimes either it is not feasible or it is very costly to apply the control at
each step. That is, we consider the following strategy of control with pulses:

- {f(xn), if n # mk, (13)

Fy(xy), ifn=mk, kez",

where F, was defined in (1.2). An important consequence of our results is that it is possible to stabilize an unstable
equilibrium of (1.1) using (1.3) with a positive number m > 1. As we show in Section 3, this goal is impossible to achieve
with CF or PF methods. In the recent paper [14], we proved that an application of the control scheme PF every m steps is
able to stabilize globally a periodic orbit of (1.1) with minimal period m.

The paper is organized as follows: in Section 2, we prove a result of global stabilization using (1.2) when Eq. (1.1) has a
unique positive equilibrium, generalizing in this way Theorem 1 in [8]. When the map f has several positive equilibria, we
show that there is a range of values of « for which any positive solution of (1.2) converges to an equilibrium. In Section 3, we
address the problem of pulse stabilization, using scheme (1.3). Finally, Section 4 is devoted to the discussion of our results:
we highlight the main conclusions and state some directions for further research.

2. Global stabilization
2.1. A unique positive equilibrium

In this subsection, we consider the case when Eq. (1.1) has a unique positive equilibrium. Our main result establishes
sufficient conditions for the global stabilization of the positive equilibrium using the PBC scheme (1.2). First, we list and
discuss the assumptions for the map f*:

(A1) f : [0, 00) — [0, 00) is continuous, f(0) = 0, and f(x) > 0 for all x > 0.
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(A2) f has only two nonnegative fixed pointsx = 0andx =K > 0, f(x) > xfor0 < x < K and f(x) < xforx > K.
(A3) There exists a number M > 0 such that

fx)—K
x—K

forany x > 0.

Assuming that Eq. (1.1) models the growth of a population, the positive equilibrium K is called the carrying capacity, which
is the maximum population level naturally sustained by the environment. Conditions (A1)-(A2) have a clear biological
meaning. The first hypothesis implies that the stock size at the next stage depends continuously on the size at the present
stage. The second assumption means that the population increases if its present size is less than the carrying capacity, and
decreases otherwise. The third assumption is not hard to verify. In particular, if f is continuously differentiable and (A1)-(A2)
hold, then (2.1) is satisfied, for example, with

M= max{ max |f'(x)|, 1} ,
x€[0,2K]

since |[f(x) — K| = [f'(¢)| |x — K|, where ¢ is a point between x and K and |f (x) — K| < |x — K| for x > 2K due to the
inequality 0 < f(x) < x,x > K.
We need the following simple auxiliary result in the proof of the main result of this section.

Lemma 2.1. Let g : [0, 00) — [0, 00) be a continuous function satisfying (A1), (A2), and let A € (0, 1) be a number such that
for any x > 0 either

lg(x) — K| < Alx — K| (2.2)

or (g(x) —K)(x—K) > 0.
Then any solution {x,} of the equation

Xn+1 = &(Xn), (2.3)

with xo > 0, converges to K, that is,

lim x, = lim g"(x¢) = K. (2.4)
n—oo

n—oo

Proof. For the sequence x,; = g(x,) with xo > 0, there may be two cases: either there exists ny > 0 such that the sign of
Xn, — K does not change for n > nyg, or there is an infinite number of points where (x, — K)(x,+1 — K) < 0. In the first case,
the sequence is strictly increasing if x,, < K and strictly decreasing if x,, > K, thus it has a limit d = lim,_, » X,. Taking the
limit of both sides in (2.3) and using the continuity of g, we deduce that d is a positive fixed point of g, so d = K.

Consider the second case when there is an infinite number of points where x, — K changes its sign. Let us note that,
generally (unless some x, = K) the sequence y, = |x;, — K] is decreasing: if x, — K and x,,.; — K have the same sign, this
follows from (A2); if the signs are different, (2.2) implies y,+1 < Ay,. Since there is an infinite number of points ny, k € N,
where (2.2) holds, we have

Xy, = K| = Y, < A¥l%0 — K.
Thus lim,_, o (X, — K) = 0, which completes the proof. O
Now we are in a position to prove our main result on global stabilization.

Theorem 2.2. If f satisfies (A1)-(A3), then there exists A € (0, 1) such that for any o € (A, 1), all solutions of (1.2) with initial
condition xo > 0 converge to K.

Proof. Without loss of generality, we can assume that M > 1, where M is defined in (2.1). Otherwise, by Lemma 2.1, the
positive equilibrium attracts all positive solutions of Eq. (1.1). Let us define A = A(M) = (M — 1)/M. We claim that the
conditions of Lemma 2.1 hold forg = F, and all @ € (A, 1). It is easy to check that F, meets (A1) and (A2). Note also that if
0<x<KandO < f(x) <K then, foralla € (0, 1),

0<Fyx)=ax+ (1 —a)f(x) <aK+ (1 —-—a)K =K.

Thus, (F,(x) — K)(x — K) > 0.
The same argument is valid when x > K and f (x) > K. Hence, it is enough to consider the cases 0 < x < K, f(x) > K
andx > K, f(x) < K.
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First,let0 < x < Kandf(x) > K.Notethat0 <1—a <1— (M — 1)/M = 1/M and, by (2.1), f(x) — K < M(K — x).
Thus,

F,(x) — K

ax+(1—a)f®) —K=(1—a)fx) —K) —a —x)
%W@—@—a«—@f&MW—@—aM—@
= (1—a)K —x).

This means that either F, (x) < K or (2.2) holds with A = 1 — «.
Next, the case x > K and f (x) < K is handled in a similar way. In this case, inequality (2.1) writes K — f(x) < M(x — K),
and therefore

K—F,) =K—ax—(1—a)f(x) = (1 —a)K —fX) —akx—K)

IA

= (1—-a)ix—K).
Thus, either F, (x) > K or (2.2) holds with A = 1 — «. The application of Lemma 2.1 completes the proof. O

< &(K —f(x) —ax—K) < &M(X—K) —a(x—K)

Remark 1. If we choose A(M) = (M — B)/M instead of A(M) = (M — 1)/M in the proof of Theorem 2.2, then the same
conclusions are derived with A = 8 — « instead of A = 1 — « in (2.2). The only restrictions on B are0 < 8 < M and
B — A(M) < 1. These conditions are equivalentto0 < 8 < 2M/(M + 1), M > 1. Thus, our approach shows that, under
conditions (A1)-(A3), the positive equilibrium of Eq. (1.1) is globally stabilized with the PBC scheme (1.2) if the strength of
the parameter control « € (0, 1) satisfies the inequality

M—QM/M+1) M—1
M CTM+1

o > og(M) =

Remark 2. It is easy to prove that F, is monotone increasing on (0, K) if f is continuously differentiable on (0, K) and
f'x) > —a/(1 —a) forallx € (0, K), that is, if
f'®)
max —— 1.
xe[0,K1.f/x)<0 | f/(x) — 1

In this case, the convergence of any positive solution of (1.2) to K is eventually monotone. This result can be derived from
the proof of Theorem 1 in [8].

o> o= (2.5)

Example 2.3. Consider the difference equation

3.45
Xn+1 = X, | 0.55 + , (2.6)
14 x7

which models the growth of bobwhite quail populations [18], and is chaotic for m = 9. Since the map

— (055 3.45
f(X)—X( . +m>

is bimodal, the results in [8] are not applicable. It is easy to verify that f satisfies (A1)-(A3) with M = 4.5622. Thus, the
control scheme (1.2) stabilizes (globally) the positive equilibrium K = 1.2346 of model (2.6) for all @ € («q, 1), where
M-1
og = —— = 0.64043.
M+1
In view of Remark 2, convergence of any positive solution of the controlled equation to K is eventually monotone if
o > a1 ~ 0.848101, where « is defined by (2.5).

2.2. Multistability

An interesting feature of the PBC method is that it allows to stabilize simultaneously several equilibria, in such a way that
all positive solutions of the controlled equation (1.2) converge to one of the equilibrium points. We note that this situation
was not considered in previous papers on this control technique. In order to generalize the results of Section 2.1 to this
situation, we list the assumptions which we will use in this subsection:

(B1) f : [0, 00) — [0, o0) is continuous, f(0) = 0, and f (x) > 0 for all x > 0.
(B2) f has several nonnegative fixed points 0 = Ky < K; < --- < K;, such that f(x) > xfor0 < x < Ky, and f(x) < x for
x > K.
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(B3) There exists a number M > 0 such that

X) — K;
f&x) i < M (2.7)
x —K;

foranyx > Oandeveryj=1,2,...,r.

Similar to the single equilibrium case, condition (B3) is satisfied for continuously differentiable functions if (B1) and (B2)
hold.

To prove the main result of this section, we need the following auxiliary statement, which generalizes Lemma 2.1, and is
of independent interest. Let us note that on each interval (Kj, K1), either f (x) > x or f (x) < x holds.

Lemma 2.4. Assume that f : [0, c0) — [0, 00) satisfies (B1), (B2), and let A € (0, 1) be a number such that for any x > 0 and
je{1,2,...,r},

either |f(x) — Kj| < Alx — Kj| or (f(x) — Kj)(x — K;) > O. (2.8)
Then any solution {x,} of Eq. (1.1) with xo > 0 converges to a positive equilibrium, that is, there existsj € {1, 2, ..., r} such that
lim x, = K;. (2.9)

n—oo

Proof. Let us fix an x* > 0. We claim that if f (x*) > x*, then there exists & > 0 such that for any x € (x* — &, x* + ¢) and
n > 1, we have

"0 > x" +e. (2.10)

We prove this claim using induction in n. Denoting © = f (x*) — x*, we can find ¢ < /2 such thatx € (x* — ¢, x* 4+ ¢)
implies

fe e (foy = Sopey +5) (¢ +ef) + ).

since f is continuous. This means that (2.10) holds for n = 1. Let K; be the least fixed point exceeding x*. Without loss of
generality, we can choose ¢ which also satisfies ¢ < K; — x*. Then, by (2.8), we can also claim that |f (x) — Kj| < |x — Kj|.

For n = 2, there may be two cases: f (f(x)) > Kj and f (f (x)) < K;. In the former case, (2.10) is obvious. In the latter case,
ifx < f(x) < Kj, thenf(f(x)) > f(x) > x* 4 ¢; if f(x) > K;, then by (2.8), we have

K —f(f(x) < AFX) — K) < 2K —x" —e),

which implies f(f(x)) > (1 = MK +A(x* +¢&) > (1 =) X* +¢e) + A(X* +¢) =x" +¢.

For the next induction step, we assume that f*~'(x) > x* +eand f"(x) > x* +¢&, n > 2.Ifx* < f*"(x) < K,
then "1 > f"(x) > x* + &.1f f"(x) > K;, then we can choose the maximal i such that K; < f"(x). Similar to the case
n = 2, we prove that f**1(x) < K; implies |K; — f" '(x)| > f*(x) — Kjand K; — ™' (x) < f"(x) — K; < K; — f""1(x), so
f™1(x) > f"1(x) > x* + &. The induction step completes the proof of (2.10).

It can be proved in a similar way that if f (x*) < x*, then there exists ¢ > 0 such that for any x € (x* — &, x* 4+ ¢) and
n > 1, we have

ff(x) <x* —e.

Now, we are in a position to prove (2.9). First, let us note that any solution {x,} is bounded. If M = max(o k,] f (x), then for
any x > M + ¢ we have x > K;, and so f (x) < x. Thus lim sup,_, ., X, < M + ¢, hence {x,} is bounded.

Any bounded sequence has at least one accumulation point. If the point is unique, this implies (2.9). Otherwise, we can
define the minimal accumulation point a and the maximal accumulation point b, that is,

a = liminfx,; b = limsup x,,.
n—o0 n— 00

If f(a) < a, then a is not minimal, since, by (B1), f (a) is also an accumulation point. If f (a) > a, then by (2.10) there exists
& > Osuch thatforanyx € (a — ¢, a+ ¢) we have f"(x) > a+ ¢, so ais not an accumulation point. Thus f (a) = a. A similar
argument leads to the conclusion f (b) = b. Thus, we can exclude from consideration the case when some x, coincides with
either a or b.

Next, there may be two cases: there exists x; € (a, b) for some i or not. In the former case, if f (x;) > x;, then for some
& > 0 we have x;;; > x; 4+ ¢, forallj > 1, so a is not an accumulation point; if f (x;) < x;, then b is not an accumulation
point. In the latter case, for any ¢ there is ng such that x, € (a — ¢, a) U (b, b + &), n > ng. Without loss of generality, we
assume thate < b — a.Letx, € (b, b + €) then f(x;) < ais impossible since in this case (f (x;) — a)(x — a) < 0 and

f(x) =bl=b—f(xx) >b—a>e>x,—b,
so (2.8) fails. Thus a = b, which completes the proof. O
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Fig. 1. Representation of the graphy = f(x), where f is defined in (2.11), and the line y = x. The five positive equilibria of x,,; = f(x,) are given by the
intersections of these two curves for x > 0.

Theorem 2.5. Assume that f satisfies (B1)-(B3). Then there exists A € (0, 1) such that for all @« € (A, 1), any solution {x,}
of (1.2) with xo > 0 converges to one of the positive equilibria.

Proof. Let M be defined in (2.7). Without loss of generality, we can assume that M > 1; otherwise, Eq. (1.2) immediately
satisfies the conditions of Lemma 2.4. Let us take § = 2M /(M + 1) and
s M- _M-1
M M+1
Arguing as in the proof of Theorem 2.2, and having in mind Remark 1, it can be proved that function F,, satisfies the conditions
of Lemma24foralla € (A,1). O

Remark 3. Similar to Remark 2, if we assume that conditions (B1), (B2) hold, and f is piecewise monotone and continuously
differentiable on (0, K, ), then it is not difficult to prove that the number

{ﬁ@ }
max —
xe[0.Kk: 1. f' <0 | f/(x) — 1

is well defined, and F, (x) > 0 for allx € [0, K] if @ € [A;, 1). As a consequence, the convergence of any solution of (1.2)
with xg > 0 to one of the positive equilibria of (1.1) is eventually monotone if @ > A;.

A] =

Example 2.6. Define

1.07
fi( ) xe1.o7—x

fi(x) = x (1 4+ 0.3sin(zrx) + 0.6 sin(57x)) , Hrx) = To7

9
and

fix), ifx e [0,1.07],
fo = {f;(x), ifx > 1.07. (2.11)

A graphic representation of y = f(x) together with the line y = x is plotted in Fig. 1.
The difference equation x,.1 = f(x,) has 6 equilibria

0=Ko<Ki <Ky <Kz <Ky <K5=1.

The only one stable is K7, and this attractor coexists with a chaotic attractor. See the bifurcation diagram in Fig. 2.
An application of Theorem 2.5 proves that all solutions of the controlled equation (1.2) converge to an equilibrium if

M-1
o >A=——~0.808348,
M+1

where M is defined in (2.7). Note that the three attracting equilibria are K; ~ 0.220708, K3 ~ 0.630335,and Ks = 1. We
emphasize that the bound provided by Theorem 2.5 is quite sharp in this case because the value of the parameter « at which

F/ (1) = —1, inducing a period-halving bifurcation at K5 = 1, is «; & 0.807085, which is very close to A. For values of « less
than o, there is an attracting 2-periodic orbit of F,, so convergence of all positive solutions to one of the equilibria is not
possible.

According to Remark 3, we can ensure that convergence of all positive solutions of (1.2) to one of the positive equilibria
is eventually monotone if

oa>A = max ~ 0.903542.

- x€[0,1].f"(x)<0

{ f' }Z '
Fo-1] " Fm -1



2198 E. Braverman, E. Liz / Computers and Mathematics with Applications 64 (2012) 2192-2201

0.0 0.2 04 0.6 0.8 1.0
o

Fig. 2. Bifurcation diagram for the controlled equation x, 1 = ax, + (1 — «)f (x,), where f is defined in (2.11). A random initial condition was chosen for
eachvalue of ¢ € (0, 1), in such a way that the three attracting equilibria can be seen in the bifurcation diagram for « > 0.807. The dashed lines represent
unstable equilibria. Note that K, and K, cannot be stabilized using (1.2) because f'(K>) > 0, f'(K4) > 0.

3. Pulse stabilization

In this section, we analyze the possibility of finding a range of values of the control parameter « that allow to stabilize a
positive equilibrium of (1.1) using the scheme with pulses (1.3). The first important remark is that, in general, it is impossible
to find a range of values of the parameter control that stabilize a positive equilibrium of (1.1) using CF or PF methods with
pulses. Assume, for example, that we want to stabilize a fixed point K > 0 using the PF method with pulses

_ [fGw),  ifn# mk,
Xny1 = {f(yxn), ifn=mk, kezt, -

where y € R. In particular, K must be a fixed point both of f (x) and g(x) = f(yx), thatis, f(K) = K = f(yK). In general,
this equality only holds for a finite number of values of y, unless f is constant over an interval.

If we consider the CF method, then, arguing as before, we arrive at the equality f(K) = K = f(K) + ¢, which is only
possible if c = 0.

The reason why PBC method allows the possibility of pulse stabilization of equilibria is that the fixed points of the original
system are the same as the fixed points of the controlled equation. Before formulating the main result for the PBC method,
we recall that it is impossible to stabilize an unstable positive fixed point K of (1.1) if f'(K) > 1 using PBC with a value of
a € [0, 1). Thus, we will assume that f'(K) < —1.

Theorem 3.1. Let K be an unstable equilibrium of (1.1). Assume that f is differentiable at K, and ¢; := f'(K) < —1. Then K is
locally asymptotically stable for the pulse scheme (1.3) if

wel, — <c§” — (=™ "+ (-])m) . (32)

m m—1 "~ m m—1
G —¢ G —¢

That is to say, in the following ranges of values of the parameter «:

cm4+1 -1 . .
(a)ae(ml m],ﬁ),lf‘mlsodd.
—C —C

G4 G 9

-1 ' +1 . .
1 1
(b) @ € ( T mcml), if mis even.

G4 G99

Proof. We prove the case when m is odd. The arguments for the other case are analogous. The control scheme with pulses
(1.3) can be seen as an m-periodic difference equation, so the stability properties of the equilibrium x = K depend on the
derivative at K of the period map

Fino (1) = f" (Fa(0) = f"(0) — (" (%) — f"7' (x)).

The fixed point K is asymptotically stable if |F;, ,(K)| < 1, and unstable if |F;, ,(K)| > 1. See, e.g., [19] and references
therein.
Note that

Fr oK) =cf' —a(c — " h.

Since mis odd and ¢; < —1, it follows that F;, , (K) is an increasing function of «. This means that K is asymptotically stable
fora € (a1, ay), where a1, o solve

A —ay (= = —1; M — (= =1.
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0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 3. Bifurcation diagram for the controlled equation by pulses with m = 2. The dashed lines correspond to unstable equilibria. There are three positive
equilibria of (3.5) for @ < a* &~ 0.5395, and only one after «*. The fixed point K = 1 of f becomes stable after a transcritical bifurcation at « = 0.5, and
becomes unstable again after a period-doubling bifurcation at « = 0.833. K = 1 seems to be globally stable between «* and «** &~ 0.80419, where an
attracting 2-periodic orbit is born in a saddle-node bifurcation.

Hence we get

"+ 1 =1
. oy =
m—1" 2 m—1"°

m m D
G —¢ G —¢

o1 =

Some remarks are in order. First, it is easy to check that I,;; C I, for all m > 1. This means that the interval of
stabilization becomes smaller as the intervention period increases. Note that the larger interval is attained for m = 1,
that is, the control without pulses (1.2), and it is

c 1
11=<‘Jr ,1). (3.3)
c—1

On the other hand, the length of I,;, tends to zero as m tends to infinity, and the only point in the intersection of all intervals
I is

C1
Ol#: .
C]-]

It is easy to check that Fr/n ot (K) = 0for allm > 1, which means that the fixed point K is superstable for the control scheme

(1.3) regardless of the value of m.

From the proof of Theorem 3.1, it follows that, when mis odd, the fixed point K is stabilized at a period-halving bifurcation,
when f'(K) = —1, and it is destabilized again after a tangent (transcritical) bifurcation, when f'(K) = 1. For even m,
the situation is reversed: the tangent bifurcation is stabilizing, and the equilibrium is destabilized in a period-doubling
bifurcation (which can be either supercritical or subcritical).

Another important observation is that, while in Section 2, we have proved that global stabilization is possible using the
PBC method (1.2) under some mild assumptions on function f, the same conclusion does not hold in general for the pulse
scheme (1.3) withm > 1. We give an example using the Ricker map usually employed in population dynamics (see, e.g, [20])

f(x) =xe31™, (3.4)

It is well known that Eq. (1.1) with this function f is chaotic [21]. In [8], it was proved that the positive equilibrium K = 1
is locally (and globally) stable for the controlled equation (1.2) if « € (1/3, 1). Note that ¢c; = f’(1) = —2, so this interval
is exactly interval I; defined in (3.3).

An application of Theorem 3.1 with m = 2, that is, the control is implemented every two periods, shows that the
equilibrium K = 1 is stabilized for

(-1 d4+1) -
aeh=5—.5 = (1/2,5/6) ~ (0.5, 0.8333).
i —C ¢ —¢C

Numerical simulations suggest that the equilibrium is actually globally asymptotically stable for « in a subinterval J, =
(0.5395, 0.80419) of I,. See the bifurcation diagram in Fig. 3, where a random initial condition was chosen for the scheme

3(1—xn) :
_ Jxne , ifn # 2k,
et = {axn +(1—@)x, 07 ifn =2k, k € Z*, (35)

witha € (0, 1).
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Fig. 4. Bifurcation diagram for the controlled equation by pulses with m = 3. The dashed lines correspond to unstable equilibria. The fixed point K = 1
of f becomes stable after a period-doubling bifurcation at « = 0.5833, and becomes unstable again after a transcritical bifurcation at @ = 0.75.K = 1is
not globally stable for any value of «.

The strategy of pulse control using the PBC method (1.3) with m = 3 stabilizes the positive equilibrium K = 1 of the
Ricker map (3.4) for

G+1 -1
velh= (43—, 45— ) =(7/12,9/12) ~ (0.5833, 0.75).
G-6 Gg—q
The bifurcation diagram shown in Fig. 4 suggests that in this case K = 1 does not become globally stable for any value
of a.

4. Discussion

The method of predictive control (1.2), first introduced by de Sousa Vieira and Lichtenberg [9], is able to stabilize unstable
equilibria of a chaotic system using a control which depends on the difference between the current state value x, of a
difference Eq. (1.1) and the value f(x,), which can be considered as a prediction of the next step x,.1. Although it was
already emphasized in [9] that this method is robust against noise, due to the large basis of attraction of the stabilized
equilibrium, the first analytical result on global stabilization of fixed points using PBC was recently proved in [8]. In the
present paper, we generalized the main result in [8] to a wide class of difference equations of the form (1.1), even without
requiring differentiability of the map f governing the associated discrete dynamical system. When there is a unique positive
equilibrium of (1.1), the PBC method stabilizes the system about the original equilibrium of the system, which in models
of population dynamics usually means the so-called carrying capacity. This fact makes an important difference with other
control methods such as constant feedback (CF) and proportional feedback (PF). In addition, persistence of the population
is kept after control, avoiding such undesired consequences as the Allee effect and catastrophe bifurcations [5,12,13]. In
some systems, there may be several positive equilibria. In this case, we proved that a PBC scheme is able to induce a
simple dynamics into a chaotic system, in such a way that all positive solutions converge to one of the equilibria of the
system.

Next, in many situations it is very difficult and expensive to apply control at every step. Thus, a strategy of pulse (or
periodic) control is necessary; for example, a seasonal intervention in population dynamics. With this motivation in mind,
we introduced a strategy of pulse PBC defined by the scheme (1.3), and we have demonstrated that this method is able to
stabilize an unstable equilibrium of the original system (1.1). This feature is in contrast with CF and PF methods, in which
it is only possible to stabilize orbits of period greater than one if a pulse strategy is used. Our results show that the range
of parameters « for which stabilization is achieved using the method (1.3) decreases as the period between interventions
increases, and the property of global stabilization is lost because new equilibria and periodic orbits appear; thus, the method
is less robust against noise than the usual PBC method. In any case, even if there is multistability, the risk of extinction is
prevented if the values of the control parameter « are restricted to the interval (0, 1).

Natural directions for future research are the generalization of our results to systems of difference equations, and to
the stabilization of periodic orbits of period greater than one. On the other hand, we note that some generalizations of the
delayed feedback control method introduced by Pyragas [ 16] have been applied using periodic interventions or pulses (also
called oscillating feedback) [22,23]. It would be interesting to compare these methods with the pulse PBC scheme introduced
in this paper.
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