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MOTIVATION:

1) Let F be a field and C = F − Vect. Let H be a Hopf algebra in C and let B be a
right H-comodule algebra with coaction ρB : B → B ⊗ H, ρB(b) = b(0) ⊗ b(1).
Y. Doi introduced in

Y. Doi, On the structure of relative Hopf modules, Comm. Algebra 11 (1983), 243-
255.

the notion of (H,B)-Hopf module (Doi-Hopf module), as a generalization of the
classical notion of Hopf module, defined by Larson and Sweedler, in the following
way: Let M be a right B-module and a right H-comodule. If, for all m ∈ M and
b ∈ B, we write m.b for the action and ρM(m) = m[0] ⊗m[1] for the coaction, we
will say that M is an (H,B)-Hopf module if the equality

ρM(m.b) = m[0].b(0) ⊗m[1]b(1)

holds, where m[1]b(1) is the product in H of m[1] and b(1).

A morphism between two (H,B)-Hopf modules is an F-linear map that is B-linear
and H-colinear. Hopf modules and morphisms of Hopf modules constitute the
category of (H,B)-Hopf modules denoted byMH

B .
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If there exists a right H-comodule map h : H → B which is an algebra map (i.e. h
is a multiplicative total integral), and

McoH = {m ∈ M | ρM(m) = m ⊗ 1H}, BcoH = {b ∈ B | ρB(b) = b ⊗ 1H}

are the subobjects of coinvariants, McoH is a right BcoH -module.
Using this property, Doi proved that for all M ∈MH

B

M ' McoH ⊗BcoH B

as (H,B)-Hopf modules.

In the previous conditions there are two functors

F = −⊗BcoH B : CBcoH →MH
B , G = ( )coH :MH

B → CBcoH

such that F a G . Moreover,
MH

B ≈ CBcoH .

This categorical equivalence for B = H and h = idH is the one derived from the
Fundamental Theorem of Hopf modules proved by Larson and Sweedler in

R.G. Larson, M.E. Sweedler, An associative orthogonal bilinear form for Hopf algebras,
Amer. J. Math. 91 (1969), 75-93.

In this case HcoH = F, M ' McoH ⊗ H inMH
H , andM

H
H ≈ F− Vect.
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2) Let C = F − Vect. Let H be a weak Hopf algebra in C, let ΠL
H : H → H be the

idempotent target morphism

ΠL
H(h) = εH(1(0)h)1(1), Im(ΠL

H) = HL

and let B be a right H-comodule algebra with coaction ρB : B → B ⊗ H. We can
define the notions of (H,B)-Hopf module and morphism of (H,B)-Hopf modules
as in the Hopf algebra setting. Hopf modules and morphisms of Hopf modules
constitute the category of (H,B)-Hopf modules denoted byMH

B .

In this setting, for any M ∈MH
B , the subobject of coinvariants is defined by

McoH = {m ∈ M | ρM(m) = m[0] ⊗ ΠL
H(m[1])}.

Also,
BcoH = {b ∈ B | ρB(b) = b(0) ⊗ ΠL

H(b(1))}

and, as in the Hopf algebra setting, McoH is a right BcoH -module if there exists a
right H-comodule map h : H → B which is an algebra map (i.e. h is a multiplicative
total integral).
Using this fact, Zhang and Zhu proved in

L. Zhang, S. Zhu, Fundamental theorems of weak Doi-Hopf modules and semisimple
weak smash product Hopf algebras, Comm. Algebra 32 (2004), 3403-3415.

that, for all M ∈MH
B ,

M ' McoH ⊗BcoH B

as (H,B)-Hopf modules.
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In the previous conditions there are two functors

F = −⊗BcoH B : CBcoH →MH
B , G = ( )coH :MH

B → CBcoH

such that F a G . Moreover,
MH

B ≈ CBcoH .

The previous categorical equivalence for B = H and h = idH , contains as a
particular instance the equivalence derived of the Fundamental Theorem of Hopf
modules for weak Hopf algebras proved by Böhm, Nill and Szlachányi in

G. Böhm, F. Nill, K. Szlachányi, Weak Hopf algebras, I. Integral theory and C∗-
structure, J. Algebra, 221 (1999), 385-438.

In this case HcoH = HL, M ' McoH ⊗HL H and

MH
H ≈ CHL .
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3) Let F be a field and C = F−Vect. Let H be a Hopf quasigroup in C. T. Brzeziński
introduced in

T. Brzeziński, Hopf modules and the fundamental theorem for Hopf (co)quasigroups,
Internat. Elec. J. Algebra, 8 (2010), 114-128.

the category of Hopf modules, denoted byMH
H . In this case the notion of Hopf mo-

dule reflects the non-associativity of the product defined on H, and the morphisms
are H-quasilinear and H-colinear.

If for M ∈ MH
H we define McoH as in the Hopf algebra setting, T. Brzeziński

proved that
M ' McoH ⊗ H

as Hopf modules. Therefore the Fundamental Theorem of Hopf modules also holds
for Hopf quasigroups.

Moreover, there exist two functors

F = −⊗ H : C →MH
H , G = ( )coH :MH

H → C

such that F a G , and they induce a categorical equivalence. Thus, as it occurs in
the Hopf algebra ambit,

MH
H ≈ F− Vect
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4) Let C be a braided monoidal category where every idempotent morphism splits. Let
H be a weak Hopf quasigroup in C. Let ΠL

H : H → H be the idempotent target
morphism and HL = Im(ΠL

H).
We can define the notions of H-Hopf module and morphism of H-Hopf modu-
les extending to the weak case the ideas proposed by T. Brzeziński to the Hopf
quasigroup setting. In particular we can construct the categories of Hopf modules,
denoted byMH

H , and the category of strong Hopf modules, denoted by SMH
H .

If M ∈MH
H and

McoH = {m ∈ M | ρM(m) = m[0] ⊗ ΠL
H(m[1])},

is the subobject of coinvariants, J.N. Alonso Álvarez, J.M. Fernández Vilaboa, R.
González Rodríguez proved in

J.N. Alonso Álvarez, J.M. Fernández Vilaboa, R. González Rodríguez, Strong Hopf
modules for weak Hopf quasigroups, Colloq. Math. Warsaw 148, N. 2, 231-246 (2017)
(available in arXiv:1505.04586).

that, if M ∈ SMH
H ,

M ' McoH ⊗HL H

as strong H-Hopf modules. Then, the Fundamental Theorem of Hopf modules also
holds in this setting.
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In the previous conditions there are two functors

F = −⊗HL H : CHL → SM
H
H , G = ( )coH : SMH

H → CHL

such that F a G . Moreover, F and G induce a categorical equivalence between
SMH

H and the category of right HL-modules:

SMH
H ≈ CHL .

Ramón González Rodríguez Fundamental theorems of Doi-Hopf mod. in a non-assoc. setting



Weak Hopf quasigroups
Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Hopf algeb. Weak Hopf algeb. Hopf quasigroups Weak Hopf quasigroups

C = F− Vect C = F− Vect C = F− Vect C = BMC

h : H → B mti h : H → B mti
MH

B ≈ CBcoH MH
B ≈ CBcoH

1983 Doi 2004 Zhang + Zhu

B = H, h = idH B = H, h = idH
MH

H ≈ C MH
H ≈ CHL MH

H ≈ C SMH
H ≈ CHL

1969 Larson 1999 Böhm + Nill 2010 Brzeziński 2016 Alonso + Fernández
+ Sweedler + Szlachányi + González

Target

Introduce a general theory of Doi-Hopf modules that permits to prove a general cate-
gorical equivalence encompassing the previous results.
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Outline

1 Weak Hopf quasigroups

2 Doi-Hopf modules for weak Hopf quasigroups

3 Categorical equivalences
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From now on C denotes a braided monoidal category with tensor product denoted
by ⊗ and unit object K . With c we will denote the braiding.
Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.

We also assume that every idempotent morphism q : Y → Y in C splits (C
is Cauchy complete), i.e. there exist an object Z (called the image of q) and
morphisms i : Z → Y and p : Y → Z such that q = i ◦ p and p ◦ i = idZ .

For simplicity of notation, given three objects V , U, B in C and a morphism
f : V → U, we write

B ⊗ f for idB ⊗ f and f ⊗ B for f ⊗ idB .

(A, ηA, µA) is a unital magma, i.e. ηA : K → A (unit) and µA : A ⊗ A → A
(product) are morphisms in C such that

µA ◦ (A⊗ ηA) = idA = µA ◦ (ηA ⊗ A).

(C , εC , δC ) is a comonoid with comultiplication δC and counit εC .

If f , g : C → A are morphisms, f ∗ g denotes the convolution product.

f ∗ g = µA ◦ (f ⊗ g) ◦ δC .
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Without loss of generality, by the coherence theorems, we can assume the monoidal
structure of C strict. Then, in this talk, we omit explicitly the associativity and unit
constraints.

We also assume that every idempotent morphism q : Y → Y in C splits (C
is Cauchy complete), i.e. there exist an object Z (called the image of q) and
morphisms i : Z → Y and p : Y → Z such that q = i ◦ p and p ◦ i = idZ .

For simplicity of notation, given three objects V , U, B in C and a morphism
f : V → U, we write

B ⊗ f for idB ⊗ f and f ⊗ B for f ⊗ idB .
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Alonso Álvarez, J.N., Fernández Vilaboa, J.M. y González Rodríguez, R.: Weak
Hopf quasigroups, Asian Journal of Mathematics 20, N. 4, 665-694 (2016), ar-
Xiv:1410.2180.
Alonso Álvarez, J.N., Fernández Vilaboa, J.M. y González Rodríguez, R.: A charac-
terization of weak Hopf (co)quasigroups Mediterranean Journal of Mathematics 13,
N. 5, 3747-3764 (2016), arXiv:1506.07664.

Definition

A weak Hopf quasigroup H in C is a unital magma (H, ηH , µH) and a comonoid
(H, εH , δH) such that the following axioms hold:

(a1) δH ◦ µH = (µH ⊗ µH) ◦ (H ⊗ cH,H ⊗ H) ◦ (δH ⊗ δH).

(a2) εH ◦ µH ◦ (µH ⊗ H)

= εH ◦ µH ◦ (H ⊗ µH)

= ((εH ◦ µH)⊗ (εH ◦ µH)) ◦ (H ⊗ δH ⊗ H)

= ((εH ◦ µH)⊗ (εH ◦ µH)) ◦ (H ⊗ (c−1
H,H ◦ δH)⊗ H).

(a3) (δH ⊗ H) ◦ δH ◦ ηH
= (H ⊗ µH ⊗ H) ◦ ((δH ◦ ηH)⊗ (δH ◦ ηH))

= (H ⊗ (µH ◦ c−1
H,H)⊗ H) ◦ ((δH ◦ ηH)⊗ (δH ◦ ηH)).
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(a4) There exists λH : H → H in C (called the antipode of H) such that, if we denote
the morphisms idH ∗ λH by ΠL

H (target morphism) and λH ∗ idH by ΠR
H (source

morphism),

(a4-1) ΠL
H = ((εH ◦ µH) ⊗ H) ◦ (H ⊗ cH,H) ◦ ((δH ◦ ηH) ⊗ H).

(a4-2) ΠR
H = (H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ (δH ◦ ηH)).

(a4-3) λH ∗ ΠL
H = ΠR

H ∗ λH = λH .

(a4-4) µH ◦ (λH ⊗ µH) ◦ (δH ⊗ H) = µH ◦ (ΠR
H ⊗ H).

(a4-5) µH ◦ (H ⊗ µH) ◦ (H ⊗ λH ⊗ H) ◦ (δH ⊗ H) = µH ◦ (ΠL
H ⊗ H).

(a4-6) µH ◦ (µH ⊗ λH) ◦ (H ⊗ δH) = µH ◦ (H ⊗ ΠL
H).

(a4-7) µH ◦ (µH ⊗ H) ◦ (H ⊗ λH ⊗ H) ◦ (H ⊗ δH) = µH ◦ (H ⊗ ΠR
H).

Note that, if in the previous definition the triple (H, ηH , µH) is a monoid, we obtain
the braided monoidal version (Alonso, Fernández and González (Indiana U. Math. J.
(2008)) of the notion of weak Hopf algebra introduced by Böhm, Nill and Szlachányi
(J. Algebra (1999)). On the other hand, if εH and δH are morphisms of unital magmas,
ΠL

H = ΠR
H = ηH ⊗ εH . As a consequence, conditions (a2), (a3), (a4-1)-(a4-3) trivialize,

and we get the monoidal version of the notion of Hopf quasigroup defined by Klim and
Majid (J. Algebra (2010)).
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Example

Let B be a bicategory and denote by x , y , z, · · · the 0 cells, by f : x → y the 1-cells and
by α : f ⇒ g the 2-cells. For a 1-cell f : x → y , x is called the source of f , represented
by s(f ), and y is called the target of f , denoted by t(f ).

A bicategory is normal if the unit isomorphisms

lf : 1t(f ) ◦ f ⇒ f , rf : f ◦ 1s(f ) ⇒ f ,

are identities. Every bicategory is biequivalent to a normal one.

A 1-cell f is called an equivalence if there exists a 1-cell g : t(f ) → s(f ) and two
isomorphisms g ◦ f ⇒ 1s(f ), f ◦ g ⇒ 1t(f ). In this case we will say that g ∈ Inv(f ) and,
equivalently, f ∈ Inv(g).

A bigroupoid is a bicategory where every 1-cell is an equivalence and every 2-cell is an
isomorphism.

We will say that a bigroupoid B is finite if the set of 0-cells B0 is finite and B(x , y) is
small for all x , y .
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Example

Let B be a finite normal bigroupoid and denote by B1 the set of 1-cells. Let F be a field
and FB the direct product

FB =
⊕
f∈B1

Ff .

The vector space FB is a unital non-associative algebra where the product of two 1-
cells is equal to their 1-cell composition if the latter is defined and 0 otherwise, i.e.,
g .f = g ◦ f if s(g) = t(f ) and g .f = 0 if s(g) 6= t(f ). The unit element is

1FB =
∑

x∈B0

1x .

Let H = FB/I (B) be the quotient algebra where I (B) is the ideal of FB generated by

h − g ◦ (f ◦ h), p − (p ◦ f ) ◦ g ,

with f ∈ B1, g ∈ Inv(f ), and h, p ∈ B1 such that t(h) = s(f ), t(f ) = s(p). In what
follows, for any 1-cell f we denote its class in H by [f ]. If we define [f ]−1 by the class
of g ∈ Inv(f ), we obtain that [f ]−1 is well-defined.
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Therefore the vector space H with the product

µH([g ]⊗ [f ]) = [g .f ]

and the unit
ηH(1F) =

∑
x∈B0

[1x ]

is a unital non-associative algebra.
Also, it is easy to show that H is a coalgebra with coproduct

δH([f ]) = [f ]⊗ [f ]

and counit
εH([f ]) = 1F.

Moreover, we have a morphism (the antipode) λH : H → H defined by

λH([f ]) = [f ]−1.

Then, H is a weak Hopf quasigroup.

Note that, if B0 = {x} we obtain that H is a Hopf quasigroup. Moreover, if |B0| > 1
and the product defined in H is associative we have an example of weak Hopf algebra.
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Proposition

The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. λH ◦ ηH = ηH and εH ◦ λH = εH .

Definition

Let H be a weak Hopf quasigroup. We define the morphisms Π
L
H and Π

R
H by

Π
L
H = (H ⊗ (εH ◦ µH)) ◦ ((δH ◦ ηH)⊗ H),

and
Π

R
H = ((εH ◦ µH)⊗ H) ◦ (H ⊗ (δH ◦ ηH)).

Proposition

Let H be a weak Hopf quasigroup. The morphisms ΠL
H , ΠR

H , Π
L
H and Π

R
H are idempotent.
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Proposition

Let H be a weak Hopf quasigroup. The following identities hold:

ΠL
H ◦ Π

L
H = ΠL

H , ΠL
H ◦ Π

R
H = Π

R
H , Π

L
H ◦ ΠL

H = Π
L
H , Π

R
H ◦ ΠL

H = ΠL
H ,

ΠR
H ◦ Π

L
H = Π

L
H , ΠR

H ◦ Π
R
H = ΠR

H , Π
L
H ◦ ΠR

H = ΠR
H , Π

R
H ◦ ΠR

H = Π
R
H .

Proposition
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H = λH ◦ ΠR

H , ΠR
H ◦ λH = ΠR

H ◦ ΠL
H = λH ◦ ΠL

H ,

ΠL
H = Π

R
H ◦ λH = λH ◦ Π

L
H , ΠR

H = Π
L
H ◦ λH = λH ◦ Π

R
H .
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Proposition

Let H be a weak Hopf quasigroup. The antipode of H is antimultiplicative and antico-
multiplicative, i.e. the following equalities hold:

λH ◦ µH = µH ◦ cH,H ◦ (λH ⊗ λH),

δH ◦ λH = (λH ⊗ λH) ◦ cH,H ◦ δH ,
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Proposition

Let H be a weak Hopf quasigroup. Put HL = Im(ΠL
H) and let pL : H → HL and

iL : HL → H be the morphisms such that ΠL
H = iL ◦ pL and pL ◦ iL = idHL . Then,

- -
-HL H H ⊗ H

iL
δH

(H ⊗ ΠL
H) ◦ δH

is an equalizer diagram and

-
-

-

µH

µH ◦ (H ⊗ ΠL
H)

pL
H ⊗ H H HL

is a coequalizer diagram.

As a consequence, (HL, ηHL = pL ◦ ηH , µHL = pL ◦ µH ◦ (iL ⊗ iL)) is a unital magma
in C. Also

(HL, εHL = εH ◦ iL, δH = (pL ⊗ pL) ◦ δH ◦ iL)

is a comonoid in C.
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Proposition

Let H be a weak Hopf quasigroup. The following identities hold:

µH ◦ ((µH ◦ (iL ⊗ H))⊗ H) = µH ◦ (iL ⊗ µH),

µH ◦ (H ⊗ (µH ◦ (iL ⊗ H))) = µH ◦ ((µH ◦ (H ⊗ iL))⊗ H),

µH ◦ (H ⊗ (µH ◦ (H ⊗ iL))) = µH ◦ (µH ⊗ iL).

As a consequence, the unital magma HL is a monoid in C.
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1 Weak Hopf quasigroups

2 Doi-Hopf modules for weak Hopf quasigroups

3 Categorical equivalences
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J.N. Alonso Álvarez, J.M. Fernández Vilaboa, & R. González Rodríguez: Cleft and
Galois extensions associated to a weak Hopf quasigroup J. Pure Applied Alg. 220, N.
3, 1002-1034, (2016), arXiv:1412.1622.
J.N. Alonso Álvarez, J.M. Fernández Vilaboa, & R. González Rodríguez: Fun-
damental theorems of Doi-Hopf modules in a non-associative setting, (2017) ar-
Xiv:1703.03229.
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Categorical equivalences

Definition

Let H be a weak Hopf quasigroup and let B be a unital magma, which is also a right
H-comodule with coaction ρB : B → B ⊗ H. We will say that (B, ρB) is a right
H-comodule magma if

µB⊗H ◦ (ρB ⊗ ρB) = ρB ◦ µB . (1)

holds.

If (B, ρB) is a right H-comodule magma the following equivalent conditions hold:

(b1) (ρB ⊗ H) ◦ ρB ◦ ηB = (B ⊗ (µH ◦ c−1
H,H)⊗ H) ◦ ((ρB ◦ ηB)⊗ (δH ◦ ηH)).

(b2) (ρB ⊗ H) ◦ ρB ◦ ηB = (B ⊗ µH ⊗ H) ◦ ((ρB ◦ ηB)⊗ (δH ◦ ηH)).

(b3) (B ⊗ Π
R
H) ◦ ρB = (µB ⊗ H) ◦ (B ⊗ (ρB ◦ ηB)),

(b4) (B ⊗ ΠL
H) ◦ ρB = ((µB ◦ c−1

B,B)⊗ H) ◦ (B ⊗ (ρB ◦ ηB)).

(b5) (B ⊗ Π
R
H) ◦ ρB ◦ ηB = ρB ◦ ηB .

(b6) (B ⊗ ΠL
H) ◦ ρB ◦ ηB = ρB ◦ ηB .

Note that, if H is a Hopf quasigroup and B is a unital magma which is also a right
H-comodule with coaction ρB : B → B ⊗ H, we will say that (B, ρB) is a right H-
comodule magma if it satisfies (1). Then, ρB ◦ ηB = ηH ⊗ ηB . In this case (b1)-(b6)
trivialize.
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Example

If H is a (weak) Hopf quasigroup, (H, δH) is a right H-comodule magma. Also, if H is
cocommutative and C is symmetric, (Hop , ρHop = (H⊗λH)◦δH) is a right H-comodule
magma.

Definition

Let H be a weak Hopf quasigroup and let (B, ρB) be a right H-comodule magma. We
will say that h : H → B is an integral if it is a morphism of right H-comodules. The
integral will be called total if h ◦ ηH = ηB .

Proposition

Let H be a weak Hopf quasigroup and let (B, ρB) be a right H-comodule magma. Let
h : H → B be a total integral. The endomorphism

qB := µB ◦ (B ⊗ (h ◦ λH)) ◦ ρB : B → B

satisfies
ρB ◦ qB = (B ⊗ ΠL

H) ◦ ρB ◦ qB ,

and, as a consequence, qB is an idempotent morphism.
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Moreover, if BcoH (object of coinvariants) is the image of qB and pB : B → BcoH ,
iB : BcoH → B are the morphisms such that qB = iB ◦ pB and idBcoH = pB ◦ iB ,

- -
-BcoH B B ⊗ H,

iB ρB

(B ⊗ ΠL
H) ◦ ρB

is an equalizer diagram.
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Moreover, the triple (BcoH , ηBcoH , µBcoH ) is a unital magma, where

ηBcoH : K → BcoH , µBcoH : BcoH ⊗ BcoH → BcoH

are the factorizations through iB of the morphisms ηB and µB ◦ (iB ⊗ iB), respectively.

In what follows, the object of coinvariants BcoH will be called the submagma of coinva-
riants of B. Note that, if B = H, ρB = δH and h = idH , the submagma of coinvariants
is HcoH = HL and then, in this case, it is a monoid.

If the following equality

µB ◦ ((µB ◦ (B ⊗ iB))⊗ B) = µB ◦ (B ⊗ (µB ◦ (iB ⊗ B))) (2)

holds, the submagma of coinvariants (BcoH , ηBcoH , µBcoH ) is a monoid.
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Definition

Let H be a weak Hopf quasigroup and let (B, ρB) be a right H-comodule magma. We
will say that h : H → B is an anchor morphism if it is a multiplicative total integral
(i.e., a right H-comodule morphism such that it is a morphism of unital magmas) and
the following equalities hold:

(c1) µB ◦ ((µB ◦ (B ⊗ h))⊗ (h ◦ λH)) ◦ (B ⊗ δH) = µB ◦ (B ⊗ (h ◦ ΠL
H)).

(c2) µB ◦ ((µB ◦ (B ⊗ (h ◦ λH)))⊗ h) ◦ (B ⊗ δH) = µB ◦ (B ⊗ (h ◦ ΠR
H)).

Note that, if the product on B is associative, every multiplicative total integral h satisfies
(c1)-(c2) and therefore is an anchor morphism.

Example

The identity morphism idH is an anchor morphism for the right H-comodule magma
(H, δH). Also, if H is cocommutative and C is symmetric, λH is an anchor morphism
for (Hop , ρHop = (H ⊗ λH) ◦ δH).
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Weak Hopf quasigroups
Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Definition

Let H be a weak Hopf quasigroup and let (B, ρB) be a right H-comodule magma.
Let h : H → B be an anchor morphism and let M be an object in C. We say that
(M, φM , ρM) is a strong (H,B, h)-Hopf module if the following axioms hold:

(d1) The pair (M, ρM) is a right H-comodule.
(d2) The morphism φM : M ⊗ B → M satisfies:

(d2-1) φM ◦ (M ⊗ ηB ) = idM .
(d2-2) φM ◦ ((φM ◦ (M ⊗ iB )) ⊗ B) = φM ◦ (M ⊗ (µB ◦ (iB ⊗ B))).
(d2-3) ρM ◦ φM = (φM ⊗ µH) ◦ (M ⊗ cH,B ⊗ H) ◦ (ρM ⊗ ρB ).
(d2-4) φM ◦ ((φM ◦ (M ⊗ h)) ⊗ (h ◦ λH)) ◦ (M ⊗ δH) = φM ◦ (M ⊗ (h ◦ ΠL

H)).

(d2-5) φM ◦ ((φM ◦ (M ⊗ (h ◦ λH))) ⊗ h) ◦ (M ⊗ δH) = φM ◦ (M ⊗ (h ◦ ΠR
H)).

Example

For example, the triple (H, µH , δH) is a strong (H,H, idH)-Hopf module. Also, if the
equality (2) holds, the triple (B, µB , ρB) is a strong (H,B, h)-Hopf module.
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Proposition

Let H be a weak Hopf quasigroup and let (B, ρB) be a right H-comodule magma. Let
h : H → B be an anchor morphism and let (M, φM , ρM) be a strong (H,B, h)-Hopf
module. The endomorphism qM := φM ◦ (M ⊗ (h ◦ λH)) ◦ ρM : M → M satisfies

ρM ◦ qM = (M ⊗ ΠL
H) ◦ ρM ◦ qM ,

and, as a consequence, qM is an idempotent. Moreover, if McoH (object of coinvariants)
is the image of qM and pM : M → McoH , iM : McoH → M are the morphisms such
that qM = iM ◦ pM and idMcoH = pM ◦ iM ,

- -
-McoH M M ⊗ H,

iM ρM

(M ⊗ ΠL
H) ◦ ρM

is an equalizer diagram.
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Proposition

Let H be a weak Hopf quasigroup and let (B, ρB) be a right H-comodule magma. Let
h : H → B be an anchor morphism. If (2) holds, for all strong (H,B, h)-Hopf module
(M, φM , ρM), the object of coinvariants McoH is a right BcoH -module where

φMcoH = pM ◦ φM ◦ (iM ⊗ iB).

Proposition

Let H be a weak Hopf quasigroup and let (B, ρB) be a right H-comodule magma. Let
h : H → B be an anchor morphism. Assume that (2) and

µB ◦ (iB ⊗ µB) = µB ◦ ((µB ◦ (iB ⊗ B))⊗ B) (3)

hold. Then if the category C admits coequalizers and the functors − ⊗ B and − ⊗ H
preserve coequalizers, for all strong (H,B, h)-Hopf module (M, φM , ρM), the object
McoH ⊗BcoH B, defined by the coequalizer of

T 1
M = φMcoH ⊗ B, T 2

M = McoH ⊗ (µB ◦ (iB ⊗ B)),

is a strong (H,B, h)-Hopf module. Moreover, there exists and isomorphism ωM of right
H-comodules between McoH ⊗BcoH B and M.
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

The object McoH ⊗BcoH H is defined by the coequalizer diagram

-
- -

T 1
M

T 2
M

nMcoH

McoH ⊗ BcoH ⊗ B McoH ⊗ B McoH ⊗BcoH B,

φMcoH⊗BcoH B : McoH ⊗BcoH B ⊗ B → McoH ⊗BcoH B is the unique morphism
such that

φMcoH⊗BcoH B ◦ (nMcoH ⊗ B) = nMcoH ◦ (McoH ⊗ µB).

ρMcoH⊗BcoH B : McoH ⊗BcoH B → McoH ⊗BcoH B ⊗ H is the unique morphism
such that

ρMcoH⊗BcoH B ◦ nMcoH = (nMcoH ⊗ H) ◦ (McoH ⊗ ρB).

ωM : McoH ⊗BcoH B → M is the unique morphism such that

ωM ◦ nMcoH = φM ◦ (iM ⊗ B).

ωM is an isomorphism with inverse ω−1
M = nMcoH ◦ (pM ⊗ h) ◦ ρM .
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Weak Hopf quasigroups
Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

In the following we will assume that:

The category C admits coequalizers (as a consequence, every idempotent morphism
splits).

H is a weak Hopf quasigroup in C and (B, ρB) is a right H-comodule magma.

−⊗ B and −⊗ H preserve coequalizers.

There exists an anchor morphism h : H → B.

The equalities (2), (3)

µB ◦ ((µB ◦ (B ⊗ iB))⊗ B) = µB ◦ (B ⊗ (µB ◦ (iB ⊗ B))),

µB ◦ (iB ⊗ µB) = µB ◦ ((µB ◦ (iB ⊗ B))⊗ B)

hold.
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Proposition

Let (P, φP , ρP), (Q, φQ , ρQ) be strong (H,B, h)-Hopf modules. If there exists a right
H-comodule isomorphism ω : Q → P, the triple

(P, φωP = ω ◦ φQ ◦ (ω−1 ⊗ B), ρP),

called the ω-deformation of (P, φP , ρP), is a strong (H,B, h)-Hopf module.

Definition

We define the category of strong (H,B, h)-Hopf modules as the one whose objects are
strong (H,B, h)-Hopf modules, and whose morphisms f : M → N are morphisms of
right H-comodules and B-quasilinear, i.e.

φ
ωN
N ◦ (f ⊗ B) = f ◦ φωM

M ,

where ωM : McoH ⊗BcoH B → M, ωN : NcoH ⊗BcoH B → N are the isomorphisms of
right H-comodules obtained previously. This category will be denoted by SMH

B (h).
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Proposition

Let (M, φM , ρM) be an object in SMH
B (h). Let ωM be the isomorphism of right H-

comodules between McoH ⊗BcoH B and M. Then the identity

φ
ωM
M = φM ◦ (qM ⊗ (µB ◦ (h ⊗ B))) ◦ (ρM ⊗ B)

holds and qωM
M = qM , where qωM

M = φ
ωM
M ◦ (M ⊗ (h ◦ λH)) ◦ ρM is the idempotent

morphism associated to the Hopf module (M, φ
ωM
M , ρM). Then (M, φ

ωM
M , ρM) has the

same object of coinvariants that (M, φM , ρM).
Moreover, for (M, φ

ωM
M , ρM), the associated isomorphism of right H-comodules between

McoH ⊗BcoH B and M is ωM , and the equality

(φ
ωM
M )ωM = φ

ωM
M

holds. Finally, there exists an idempotent functor

D : SMH
B (h)→ SMH

B (h),

called the ω-deformation functor, defined on objects by

D((M, φM , ρM)) = (M, φ
ωM
M , ρM)

and on morphisms by the identity.
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Proposition

For any object (M, φM , ρM) in SMH
B (h), the strong (H,B, h)-Hopf module

(McoH ⊗BcoH B, φMcoH⊗BcoH B , ρMcoH⊗BcoH B),

is invariant for the ω-deformation functor, i.e.,

D((McoH ⊗BcoH B, φMcoH⊗BcoH B , ρMcoH⊗BcoH B))

= (McoH ⊗BcoH B, φMcoH⊗BcoH B , ρMcoH⊗BcoH B).

Theorem. Fundamental Theorem of Hopf modules

Let (M, φM , ρM) be an object in SMH
B (h). Then

M ' McoH ⊗BcoH B

in SMH
B (h).
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Categorical equivalences

1 Weak Hopf quasigroups

2 Doi-Hopf modules for weak Hopf quasigroups

3 Categorical equivalences
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Let (N, φN) be an object in CBcoH and consider the coequalizer diagram

-
-

-
φN ⊗ B

N ⊗ (µB ◦ (iB ⊗ B))

nN
N ⊗ BcoH ⊗ B N ⊗ B N ⊗BcoH B

Then, (nN ⊗B) ◦ (φN ⊗ ρB) = (nN ⊗B) ◦ (N ⊗ (ρB ◦ (µB ◦ (iB ⊗B)))) and, as a
consequence, there exists a unique morphism

ρN⊗BcoH B : N ⊗BcoH B → N ⊗BcoH B ⊗ H

such that
ρN⊗BcoH B ◦ nN = (nN ⊗ B) ◦ (N ⊗ ρB).
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

On the other hand, we have

nN ◦ (φN ⊗ µB) = nN ◦ (N ⊗ (µB ◦ ((µB ◦ (iB ⊗ B))⊗ B))),

and then,using that the functor − ⊗ B preserves coequalizers, there exists a unique
morphism

φN⊗BcoH B : N ⊗BcoH B ⊗ B → N ⊗BcoH B

such that
φN⊗BcoH B ◦ (nN ⊗ B) = nN ◦ (N ⊗ µB).

Moreover, we can prove that

(N ⊗BcoH B, φN⊗BcoH B , ρN⊗BcoH B)

is a strong (H,B, h)-Hopf module.
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Doi-Hopf modules for weak Hopf quasigroups

Categorical equivalences

Proposition

There exists a functor F : CBcoH → SMH
B (h), called the induction functor, defined on

objects by
F ((N, φN)) = (N ⊗BcoH B, φN⊗BcoH B , ρN⊗BcoH B)

and on morphisms by F (f ) = f ⊗BcoH B

Proposition

There exists a functor G : SMH
B (h)→ CBcoH , called the functor of coinvariants, defined

on objects by
G((M, φM , ρM)) = (McoH , φMcoH )

and on morphisms by G(g) = gcoH .

Theorem

The functor F is left adjoint of G . Moreover, the categories SMH
B (h) and CBcoH are

equivalent.
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Categorical equivalences

Example

Let H be a Hopf quasigroup and A an unital magma in C. If there exists a morphism
ϕA : H ⊗ A→ A such that

ϕA ◦ (ηH ⊗ A) = idA,

ϕA ◦ (H ⊗ ηA) = εH ⊗ ηA,

hold, then the smash product A]H = (A⊗ H, ηA]H , µA]H) defined by

ηA]H = ηA ⊗ ηH ,

µA]H = (µA ⊗ µH) ◦ (A⊗ ψA
H ⊗ H),

where
ψA

H = (ϕA ⊗ H) ◦ (H ⊗ cH,A) ◦ (δH ⊗ A),

is a right H-comodule magma with comodule structure given by %A]H = A⊗ δH .

Also, h = ηA ⊗H : H → A]H is an anchor morphism. Moreover, qA]H = A⊗ ηH ⊗ εH ,
pA]H = A⊗ εH , iA]H = A⊗ ηH and

(A]H)coH = A
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If A is a monoid and the equality

µA ◦ (ϕA ⊗ ϕA) ◦ (H ⊗ cH,A ⊗ A) ◦ (δH ⊗ A⊗ A) = ϕA ◦ (H ⊗ µA),

holds, then (2) and (3)

µA]H ◦ ((µA]H ◦ (A⊗ H ⊗ iA]H))⊗ H) = µA]H ◦ (A⊗ H ⊗ (µA]H ◦ (iA]H ⊗ A⊗ H))),

µA]H ◦ (iA]H ⊗ µA]H) = µA]H ◦ ((µA]H ◦ (iA]H ⊗ A⊗ H))⊗ A⊗ H)

also hold.

Therefore, if −⊗A and −⊗H preserve coequalizers, we have an equivalence of categories

SMH
A]H(h) ≈ CA

for h = ηA ⊗ H : H → A]H.
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Klim J., Majid S. Hopf quasigroups and the algebraic 7-sphere. J. Algebra, 2010,
323: 3067-3110.

Let K be a field and let C be the symmetrict monoidal category of vector spaces over
K. Let G the abelian group Zn

2 and let F : G × G → K∗ be a 2-cochain, i.e. F is a
morphism such that F (θ, a) = F (a, θ) = 1 for all a ∈ G where θ is the group identity.
The group algebra of G , denoted by, KG is a K-vector space with basis

{ea ; a ∈ G}

and also is a unital magma with the product:

eaeb = F (a, b)ea+b.

In the following we will denote this magma by

KFG .
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Moreover, KFG is a composition algebra with respect to the Euclidean norm in basis G
if two suitable conditions hold for F (see Klim and Majid). This means that the norm
q(

∑
a

uaea) =
∑
a

u2
a is multiplicative. Then

S2n−1 = {
∑
a

uaea ,
∑
a

u2
a = 1K}

is closed under the product in KFG .

We know that S2n−1 is an I.P loop, and then its loop algebra, denoted by

KS2n−1

is a cocommutative Hopf quasigroup.
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Let H be KS2n−1 and let A the group algebra of G . Then, A is a monoid (it is a
cocommutative Hopf algebra) and we have an action ϕA : H⊗A→ A, where ⊗ = ⊗K,
defined by

ϕA(ea ⊗ eb) = (−1)a.beb.

It is easy to see that ϕA satisfies the previous conditions and we have a categorical
equivalence

SMKS2n−1

KZn
2]KS2n−1 (h) ≈ CKZn

2

for h = ηKZn
2
⊗ idKS2n−1 .
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Example

Let H be a cocommutative weak Hopf quasigroup and assume that C is symmetric. The
pair

(Hop , ρHop = (H ⊗ λH) ◦ δH)

is an example of right H-comodule magma and h = λH is an anchor morphism. Moreo-
ver, we have the equality:

qHop = ΠL
H .

Therefore, iHop = iL, pHop = pL and (Hop)coH = HL

On the other hand,

µHop ◦ ((µHop ◦ (H ⊗ iL))⊗ H) = µHop ◦ (H ⊗ (µHop ◦ (iL ⊗ H))),

µHop ◦ (iL ⊗ µHop ) = µHop ◦ ((µHop ◦ (iL ⊗ H))⊗ H)

also hold.

As a consequence of this facts, if −⊗H preserve coequalizers, we obtain an equivalence
of categories

SMH
Hop (λH) ≈ CHL .

If H is a Hopf quasigroup, the categories SMH
Hop (λH) and C are equivalent.
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Hopf algeb. Weak Hopf algeb. Hopf quasigroups Weak Hopf quasigroups

C = F− Vect C = F− Vect C = F− Vect C = BMC

h : H → B mti h : H → B mti
MH

B ≈ CBcoH MH
B ≈ CBcoH

1983 Doi 2004 Zhang + Zhu

B = H, h = idH B = H, h = idH
MH

H ≈ C MH
H ≈ CHL MH

H ≈ C SMH
H ≈ CHL

1969 Larson 1999 Böhm + Nill 2010 Brzeziński 2016 Alonso + Fernández
+ Sweedler + Szlachányi + González

Thank you
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