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Weak Hopf quasigroups

@ From now on C denotes a strict braided monoidal category with tensor product
denoted by ® and unit object K. With ¢ we will denote the braiding and we also
assume that in C every idempotent morphism g : Y — Y splits, i.e., there exist an
object Z (called the image of g) and morphisms i : Z — Y and p: Y — Z such

that g=iopand poi=idy.

The fundamental theorem of Hopf mod. in a non-associative setting

Ramén Gonzélez Ro



Weak Hopf quasigroups

@ From now on C denotes a strict braided monoidal category with tensor product
denoted by ® and unit object K. With ¢ we will denote the braiding and we also
assume that in C every idempotent morphism g : Y — Y splits, i.e., there exist an
object Z (called the image of g) and morphisms i : Z — Y and p: Y — Z such
that g=iopand poi=idy.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.
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Weak Hopf quasigroups

@ From now on C denotes a strict braided monoidal category with tensor product
denoted by ® and unit object K. With ¢ we will denote the braiding and we also
assume that in C every idempotent morphism g : Y — Y splits, i.e., there exist an
object Z (called the image of g) and morphisms i : Z — Y and p: Y — Z such
that g=iopand poi=idy.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f foridg ® f and f ® B for f ® idg.

o (A,na,pa) is a unital magma, i.e. ma : K — A (unit) and pp : AQA = A
(product) are morphisms in C such that

pao(A®na) =ida = pao(na®A).
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Weak Hopf quasigroups

@ From now on C denotes a strict braided monoidal category with tensor product
denoted by ® and unit object K. With ¢ we will denote the braiding and we also
assume that in C every idempotent morphism g : Y — Y splits, i.e., there exist an
object Z (called the image of g) and morphisms i : Z — Y and p: Y — Z such
that g=iopand poi=idy.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B®f for idg ® f and f @ B for f @ idg.

(A,na, a) is a unital magma, i.e. ma : K — A (unit) and pa : AQA = A
(product) are morphisms in C such that

pao(A®na) =ida = pao(na®A).

(C,ec,dc) is a comonoid with comultiplication §¢ and counit ec.
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Weak Hopf quasigroups

@ From now on C denotes a strict braided monoidal category with tensor product
denoted by ® and unit object K. With ¢ we will denote the braiding and we also
assume that in C every idempotent morphism g : Y — Y splits, i.e., there exist an
object Z (called the image of g) and morphisms i : Z — Y and p: Y — Z such
that g=iopand poi=idy.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B®f for idg ® f and f @ B for f @ idg.

o (A,na,pa) is a unital magma, i.e. ma : K — A (unit) and pp : AQA = A
(product) are morphisms in C such that
pao(A®mna) = ida = pao(na® A).
o (C,ec,dc) is a comonoid with comultiplication §¢ and counit ec.
o If f,g: C — A are morphisms, f x g denotes the convolution product.

fxg=pao(f®g)odc.
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Weak Hopf quasigroups

Definition
A weak Hopf quasigroup H in C is a unital magma (H,ny,uy) and a comonoid
(H,en, dn) such that the following axioms hold:
(al) dyopn = (pH @ pH) o (H® cyp ® H) o (6n ® dn).
(a2)  epopno(pun® H)

=¢ep o pp o (H® pp)

= ((enopn) ® (eH o pu)) o (H® oy @ H)

= (e 0 1) ® (er © p)) o (H ® (ciy 3y © 61) ® H).
(@3) (v ®H)odnonu

= (H® pp ® H) o (61 0 1) @ (0 0 n11))

= (H® (un 0 ciyy) ® H) o (81 © nt) © (81 0 11))-
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Weak Hopf quasigroups

(a4) There exists Ay : H — H in C (called the antipode of H) such that, if we denote
the morphisms idy * Ay by I'I,L_, (target morphism) and Ay * idy by I'Iﬁ (source
morphism),

(a4-1) M = ((en 0 pw) ® H) o (H ® cu,m) o (5 © 1) © H).

(24-2) NF = (H® (e © pth)) o (ch,n ® H) 0 (H @ (31 0 11)).

(24-3) Mg * M =N * Ay = Ay

(a4-4) o (Aw ® pn) o (6 ® H) = p o (M ® H).

(a4-5) pp o (H® pn)o (H® Ay ® H) o (64 @ H) = uy o (ML ® H).
(34-6) pr o (um ® An) o (H® 8n) = p o (H @ MRy).

(24-7) pp o (un @ H) o (H® Ay ® H) o (H® dn) = un o (H® NEK).
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Weak Hopf quasigroups

(a4) There exists Ay : H — H in C (called the antipode of H) such that, if we denote
the morphisms idy * Ay by I'I,L_, (target morphism) and Ay * idy by I'Iﬁ (source
morphism),

(a4-1) M = ((en 0 pw) ® H) o (H ® cu,m) o (5 © 1) © H).

(24-2) NF = (H® (e © pth)) o (ch,n ® H) 0 (H @ (31 0 11)).

(24-3) Mg * M =N * Ay = Ay

(a4-4) o (Aw ® pn) o (6 ® H) = p o (M ® H).

(a4-5) pp o (H® pn)o (H® Ay ® H) o (64 @ H) = uy o (ML ® H).
(34-6) pr o (um ® An) o (H® 8n) = p o (H @ MRy).

(24-7) pp o (un @ H) o (H® Ay ® H) o (H® dn) = un o (H® NEK).

Note that, if in the previous definition the triple (H,ny, 1) is @ monoid, we obtain
the braided monoidal version (Alonso, Fernandez and Gonzalez (Indiana U. Math. J.
(2008)) of the notion of weak Hopf algebra introduced by Bohm, Nill and Szlachanyi
(J. Algebra (1999)). On the other hand, if e and &y are morphisms of unital magmas,
Nk =N =ny ®ep. As a consequence, conditions (a2), (a3), (ad-1)-(a4-3) trivialize,
and we get the monoidal version of the notion of Hopf quasigroup defined by Klim and
Majid (J. Algebra (2010)).
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Weak Hopf quasigroups

Let B be a bicategory and denote by x, y, z, - - - the 0 cells, by f : x — y the 1-cells and
by a: f = g the 2-cells. For a 1-cell f : x — y, x is called the source of f, represented
by s(f), and y is called the target of f, denoted by t(f).
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Weak Hopf quasigroups

Example

Let B be a bicategory and denote by x, y, z, - - - the 0 cells, by f : x — y the 1-cells and
by a: f = g the 2-cells. For a 1-cell f : x — y, x is called the source of f, represented
by s(f), and y is called the target of f, denoted by t(f).

A bicategory is normal if the unit isomorphisms

lf:lt(f)of:>f, rf:fols(f)ﬁf,

are identities. Every bicategory is biequivalent to a normal one.
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Weak Hopf quasigroups

Example

Let B be a bicategory and denote by x, y, z, - - - the 0 cells, by f : x — y the 1-cells and
by a: f = g the 2-cells. For a 1-cell f : x — y, x is called the source of f, represented
by s(f), and y is called the target of f, denoted by t(f).

A bicategory is normal if the unit isomorphisms
lf:lt(f)of:>f, rf:fols(f)ﬁf,

are identities. Every bicategory is biequivalent to a normal one.

A 1-cell f is called an equivalence if there exists a 1-cell g : t(f) — s(f) and two
isomorphisms g o f = 1ys), f o g = 1. In this case we will say that g € Inv(f) and,
equivalently, f € Inv(g).
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Weak Hopf quasigroups

Example

Let B be a bicategory and denote by x, y, z, - - - the 0 cells, by f : x — y the 1-cells and
by a: f = g the 2-cells. For a 1-cell f : x — y, x is called the source of f, represented
by s(f), and y is called the target of f, denoted by t(f).

A bicategory is normal if the unit isomorphisms
lf:lt(f)of:>f, rf:fols(f)ﬁf,

are identities. Every bicategory is biequivalent to a normal one.

A 1-cell f is called an equivalence if there exists a 1-cell g : t(f) — s(f) and two
isomorphisms g o f = 1ys), f o g = 1. In this case we will say that g € Inv(f) and,
equivalently, f € Inv(g).

A bigroupoid is a bicategory where every 1-cell is an equivalence and every 2-cell is an
isomorphism. J
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Weak Hopf quasigroups

Example

Let B be a bicategory and denote by x, y, z, - - - the 0 cells, by f : x — y the 1-cells and
by a: f = g the 2-cells. For a 1-cell f : x — y, x is called the source of f, represented
by s(f), and y is called the target of f, denoted by t(f).

A bicategory is normal if the unit isomorphisms
lf:lt(f)of:>f, I’f:fols(f)ﬁf,

are identities. Every bicategory is biequivalent to a normal one.

A 1-cell f is called an equivalence if there exists a 1-cell g : t(f) — s(f) and two
isomorphisms g o f = 1), f 0g = Ly(). In this case we will say that g € Inv(f) and,
equivalently, f € Inv(g).

A bigroupoid is a bicategory where every 1-cell is an equivalence and every 2-cell is an
isomorphism. J

We will say that a bigroupoid B is finite if the set of O-cells By is finite and B(x, y) is
small for all x,y. J
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Weak Hopf quasigroups

Let B be a finite normal bigroupoid and denote by B; the set of 1-cells. Let IF be a field
and FB the direct product
FB = €p Ff.

feEBL

The vector space FB5 is a unital non-associative algebra where the product of two 1-
cells is equal to their 1-cell composition if the latter is defined and O otherwise, i.e.,
g.f=gofifs(g)=t(f)and g.f =0 if s(g) # t(f). The unit element is

Irs= Y L

x€EBo
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Weak Hopf quasigroups

Let B be a finite normal bigroupoid and denote by B; the set of 1-cells. Let IF be a field
and FB the direct product
FB = €p Ff.

feEBL

The vector space FB5 is a unital non-associative algebra where the product of two 1-
cells is equal to their 1-cell composition if the latter is defined and O otherwise, i.e.,
g.f=gofifs(g)=t(f)and g.f =0 if s(g) # t(f). The unit element is

Irs= Y L

x€EBo

Let H =TFB/I(B) be the quotient algebra where /(B) is the ideal of FBB generated by
h—go(foh), p—(pof)og,

with f € B1, g € Inv(f), and h,p € By such that t(h) = s(f), t(f) = s(p). In what
follows, for any 1-cell f we denote its class in H by [f]. If we define [f]~% by the class
of g € Inv(f), we obtain that [f]~! is well-defined.
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Weak Hopf quasigroups

Therefore the vector space H with the product

1H(lg] @ [f]) = [g-f]

and the unit

nu(le) = > [14]

x€Bo

is a unital non-associative algebra.
Also, it is easy to show that H is a coalgebra with coproduct

Su([f]) = [f1® [f]
and counit
en([f]) = 1r.
Moreover, we have a morphism (the antipode) Ay : H — H defined by

Au(IfD) = [F17

Then, H is a weak Hopf quasigroup.
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Weak Hopf quasigroups

Therefore the vector space H with the product

pr(lg] ® [f]) = [g.f]

and the unit

nu(le) = > [14]

x€Bo

is a unital non-associative algebra.
Also, it is easy to show that H is a coalgebra with coproduct

Su([f]) = [f1® [f]
and counit
en([f]) = 1r.
Moreover, we have a morphism (the antipode) Ay : H — H defined by

Au(IfD) = [F17

Then, H is a weak Hopf quasigroup.

Note that, if Bp = {x} we obtain that H is a Hopf quasigroup. Moreover, if |Bg| > 1
and the product defined in H is associative we have an example of weak Hopf aIgebra.J
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Weak Hopf quasigroups

Proposition

The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Ayony =ny and ey o Ay = ey.
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Weak Hopf quasigroups

The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Ayony =ny and ey o Ay = ey.

Definition

| A

Let H be a weak Hopf quasigroup. We define the morphisms ﬁ,L_, and ﬁﬁ by

T = (H® (61 0 ) © (31 0 mu) ® H),

and

Tl = ((er1 0 ) ® H) 0 (H ® (81 0 111)).
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Weak Hopf quasigroups

The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Ayony =ny and ey o Ay = ey.

Definition

| A

Let H be a weak Hopf quasigroup. We define the morphisms ﬁ,L_, and ﬁﬁ by

T = (H® (61 0 ) © (31 0 mu) ® H),

and

Tl = ((er1 0 ) ® H) 0 (H ® (81 0 111)).

Proposition

Let H be a weak Hopf quasigroup. The morphisms I'I,L_,, I'If,, ﬁLH and ﬁz are idempotent.
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Weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup. The following identities hold:
Nb oMy =Nk, NLofy =T, MyoNk =My, TMNyonk=nk,

MRotiy =My, NBofy=nk MALonf=nk Tyonk =Ty
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Weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The following identities hold:

Nb oMy =Nk, NLofy =T, MyoNk =My, TMNyonk=nk,
MRotiy =My, NBofy=nk MALonf=nk Tyonk =Ty

w

Let H be a weak Hopf quasigroup. The following identities hold:

Nhoxy=NkLoNf =xyoNk, NEoxy=nNEonk =xyo0nk,

ML =TIF oAy = AyoTly, MR =TI5 0y = Ayolly.
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Weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup. The antipode of H is antimultiplicative and antico-
multiplicative, i.e. the following equalities hold:

AH O pH = fiH © €H,H © (AH ® W),

O oAy = (AH ® Ap) 0 CH,H © Op,

Ramén Gonzalez Rodriguez The fundamental theorem of Hopf mod. i associative settin,



Weak Hopf quasigroups

Let H be a weak Hopf quasigroup. Put H, = /m(nh) and let pp : H — H; and
i : H. — H be the morphisms such that I'I,L_, =i op. and p; oy = idy, . Then,

i OH
H — H H®H
(H® I'I;-_,)od,.,

Y

Y

is an equalizer diagram and
HH

-
H®H H —— H
-

pro (H®Nk)

is a coequalizer diagram.
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Weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup. Put H, = lm(ﬂLH) and let pp : H — H; and
i : H. — H be the morphisms such that I'I,L_, =i op. and p; oy = idy, . Then,

i O
H —F—® H : H®H
(H® ML) oy
is an equalizer diagram and
PH
- - PL
H® H H ——— H

S
MHO(H®I_IIL_’)

is a coequalizer diagram.

As a consequence, (Hy,mH, = pL © NH, bH, = PL © pi © (ip ® ir)) is a unital magma in
C. Also
(Hi,en, =enoit, 6y = (pL ® pr) 0 Sn 0 ir)

is a comonoid in C.
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Weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The following identities hold:

p o ((pr o (it ® H)) ® H) = pp o (i ® pn),
pr o (H® (pro (it @ H))) = pr o ((pr o (H® L)) ® H),
pH o (H® (pr o (H®ir))) = pr o (1H ® iL).

As a consequence, the unital magma H; is a monoid in C.
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Hopf modules for weak Hopf quasigroups

© Hopf modules for weak Hopf quasigroups
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Hopf modules for weak Hopf quasigroups

Definition

Let H be a weak Hopf quasigroup and M an object in C. We say that (M, ¢p, pu) is
a right-right H-Hopf module if the following axioms hold:

(b1) The pair (M, pp) is a right H-comodule, i.e., py : M — M ® H is a morphism
such that (M ® ey) o py = idpy and (ppy @ H) o pyy = (M ® 0y) 0 pp-

The morphism ¢y : M @ H — M satisfies:

b2-1) ¢ o (M & 1) = id-
b2-2) py o ¢y = (M ® pr) 0 (M ® cy,n @ H) o (pm ® dn)-

)
(
(
(b3) ¢MO(¢M®)‘H)O(M®5H):¢M0(M®|_IIL_I).
)
)

(b2

(b4) pmo(pm ® H)o (M@ Ay ® H) o (M ® ) = ¢ o (M@ NE).
(b5) ¢m o (pm ® H) o (M@ NL @ H) o (M ® 1) = -

The fundamental theorem of Hopf mod. in a non-associative setting
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup and M an object in C. We say that (M, ¢p, pu) is
a right-right H-Hopf module if the following axioms hold:
(b1) The pair (M, pp) is a right H-comodule, i.e., py : M — M ® H is a morphism
such that (M & EH) o py = idy and (PM (02 H) oppm = (M ® 6H) o pPM-
The morphism ¢y : M @ H — M satisfies:
b2-1) ¢m o (M ® 11 = idy.
b2-2) py o pm = (M ® pr) o (M ® cy,n ® H) o (pm @ dp).

(b2)
(
(
(b3) ém o (dm @ An) o (M ® 6p) = dp o (M @ M),
)
)

(b4) ¢m o (pm @ H) o (M ® Ay ® H) o (M@ S) = ¢ o (M@ NE).
(b5) ¢m o (pm ® H) o (M@ NL @ H) o (M ® 1) = -

Obviously,the triple (H, ¢y = py, py = dy) is a right-right H-Hopf module. Moreover,
if (M, ¢m,pm) is a right-right H-Hopf module, the axiom (b5) is equivalent to

ém o (¢m @ NF) o (M d) = -

Ramén Gonzalez Rodriguez
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Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup and (M, ép, pp) a right-right H-Hopf module. The
endomorphism qu := ¢p 0 (M ® Ay) o py : M — M satisfies
pmoau = (M®TE) o py o gy

and, as a consequence, is an idempotent. Moreover, if M<H (object of coinvariants)
is the image of gy and py : M — M©H ;- M©" — M the morphisms such that
am = iy o pv and idycon = Pm © ins

im
MeoH —» M M® H

is an equalizer diagram.
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Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup, (M, ¢m,pm) a right-right H-Hopf module. The
endomorphism

Vm = ((pm o ¢m) ® H) o (in ® 1) : M @ H - M= @ H
is idempotent and the equality
(M ®61) 0 Vi = (Vi ® H) o (M® & 5y),

hold.
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Hopf modules for weak Hopf quasigroups

Let be the morphisms wy : Mot @ H — M, w;w M — M°H @ H defined by
wy = dmo(iM®H) and wy, = (pu®H)oppm. Then, wyowy, = idy and Vi = wi,owy.
Also, we have a commutative diagram

M
Vm

McoH QH — MCOH® H

p,wco%A /]\:L‘OH QH

McoH x H

where MM x H denotes the image of V and Ppeot gy incot gy are the morphisms

such that pyjcoti gy © ipyjeotigy = idppeott iy aNd ipjcoti gy © Pppeotipyy = Vm- Therefore,
the morphism

ap = pMC°H®H ow;\/,
is an isomorphism of right H-modules (i.e., pyjcoriy yy © @y = (am ® H) o py) with
inverse a&l = WM O ipjeoH g - The comodule structure of M©H x H is

pM‘-‘OHxH = (pMcoH®H ® H) o (MCOH ® 5H) o iMcoH®H.

Ramén Gonzalez Ro: The fundamental theorem of Hopf mod. in a non-associative setting



Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup and (M, ¢um, pm), (N, én, pn) right-right H-Hopf
modules. If there exists a right H-comodule isomorphism o : M — N, the triple

(M, ¢y = a o gy o (a® H), pum)

(the a-deformation of (M, ¢u, pum)) is a right-right H-Hopf module.
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Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup and (M, ¢um, pm), (N, én, pn) right-right H-Hopf
modules. If there exists a right H-comodule isomorphism o : M — N, the triple

(M, ¢y = a o gy o (a® H), pum)

(the a-deformation of (M, ¢u, pum)) is a right-right H-Hopf module.

Proposition

Let H be a weak Hopf quasigroup, (M, ¢pm, pm) a right-right H-Hopf module. The triple
(MeH x H, Do s 1> Pppeot ) Where

Pmeott s = Ppcot g © (M @ pp) o (ipeoti g @ H),

and
PpeoH s H = (pMC0H®H (02 H) o (MCOH 24 5/.[) o iI\/ICDH®H’

is a right-right H-Hopf module.
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Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup, (M, ¢, pm) be a right-right H-Hopf module and
apy @ M — Mt x H be the isomorphism of right H-comodules defined previously. The
triple (M,¢7/,M,pM) is a right-right H-Hopf module and the identity

o = dmo (am ® pr) o (pm @ H)

holds and
am
dy = am;,
where q,‘\)‘/, = qﬁﬁ;"” o (M ® Ay) o pum is the idempotent morphism associated to the

Hopf module (M,¢7/,M,pM). Then, (M, ¢7/,M7PM) has the same object of coinvariants
of (M, ¢m, pm). Moreover, for (M, qbf/,"”mm) we have that

V‘,\)AM =Vum
and then, for (M,¢7/,M,pM), the associated isomorphism between M and M@t x H is
ay . Finally,
(om")M = op”
holds.
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The triple (H, ¢y = pnH, py = 0n) is a right-right
H-Hopf module and ¢Z“ = ¢y because

o = pr o (M ® pp) o (0w @ H) = pp.
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The triple (H, ¢y = pnH, py = 0n) is a right-right
H-Hopf module and ¢Z“ = ¢y because

o = pr o (M ® pp) o (0w @ H) = pp.

| N

Proposition

Let H be a weak Hopf quasigroup and let (M, ¢p, pp) be an object in Mﬂ Then, for

. CycoH
(M<H 5 H, @ peot s 14> Ppseoti o ) the identity ¢ o

MeoH s H = ¢MCDH>< H holds.
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Hopf modules for weak Hopf quasigroups

Definition
Let H be a weak Hopf quasigroup and let (M, ¢y, ppr) and (N, én, pn) be right-right
H-Hopf modules. A morphism f : M — N is said to be H-quasilineal if the following

identity holds
SN o (F® H) = fogpM.

A morphism of right-right H-Hopf modules between M and N is a morphism f : M — N
such that is both a morphism of right H-comodules and H-quasilineal. The collection of
all right H-Hopf modules with their morphisms forms a category which will be denoted
by

My
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Hopf modules for weak Hopf quasigroups

Definition

Let H be a weak Hopf quasigroup and let (M, ¢y, ppr) and (N, én, pn) be right-right
H-Hopf modules. A morphism f : M — N is said to be H-quasilineal if the following
identity holds

SN o (F® H) = fogpM.

A morphism of right-right H-Hopf modules between M and N is a morphism f : M — N
such that is both a morphism of right H-comodules and H-quasilineal. The collection of
all right H-Hopf modules with their morphisms forms a category which will be denoted
by

M

Theorem: Fundamental Theorem of Hopf modules

| N

Let H be a weak Hopf quasigroup and let (M, ¢n, pp) be an object in Mﬂ Then,
the right-right H-Hopf modules (M, ¢, pp) and (M<H x H, DhjcoH s 1y Ppgeot 1) are
isomorphic in MZ

A\
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Strong Hopf modules for weak Hopf quasigroups

Strong Hopf modules for weak Hopf quasigroups

© Strong Hopf modules for weak Hopf quasigroups

Ramén Gonzélez Rodriguez The fundamental theorem of Hopf mod. in a non-associative setting



Strong Hopf modules for weak Hopf quasigroups

From now on we assume that C admits coequalizers. Note that this assumption implies
that every idempotent morphism splits. Remember that H; is a monoid and then we
can consider Cyy, , the category of right H;-modules.
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Strong Hopf modules for weak Hopf quasigroups

From now on we assume that C admits coequalizers. Note that this assumption implies
that every idempotent morphism splits. Remember that H; is a monoid and then we
can consider Cyy, , the category of right H;-modules.

Let (N,vy) be an object in Cy, and consider the coequalizer diagram

Py ® H -
-
N®H ®H NegH ——+—— N®n, H
N ® oH

where PYH = UH © (H ® iL)-
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Strong Hopf modules for weak Hopf quasigroups

From now on we assume that C admits coequalizers. Note that this assumption implies
that every idempotent morphism splits. Remember that H; is a monoid and then we
can consider Cyy, , the category of right H;-modules.

Let (N,vy) be an object in Cy, and consider the coequalizer diagram

Py ® H -
-
N® H ®H NegH ——+—— N®n, H
N ® oH

where PYH = UH © (H ® iL)-

The morphism 'y = (ny ® H) o (N ® dp) is such that Ty o (Yy @ H) =Ty o (N® pp).
Then, there exists a unique morphism

pn@y H N O H— (N®y H)© H

such that PN@py, H © NN = I'y. The pair (N ®p, H, pN®HLH) is a right H-comodule.
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Strong Hopf modules for weak Hopf quasigroups

On the other hand, if Ty = ny o (N ® py),
Tyo(Yyn ® H® H) = Tyo (N® (¢n® H))
and then, if — ® H preserves coequalizers, there exists a unique morphism
¢N®HLH (N®y, HH® H = N®y, H

such that
Ongy H O (M @ H) = Ty.
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Strong Hopf modules for weak Hopf quasigroups

On the other hand, if Ty = ny o (N ® py),
Tyo(Yyn ® H® H) = Tyo (N® (¢n® H))
and then, if — ® H preserves coequalizers, there exists a unique morphism
¢N®HLH (N®y, HH® H = N®y, H

such that
Ongy H O (M @ H) = Ty.

If —® H preserves coequalizers, the triple (N ®y, H, ¢N®HLH’pN®HLH) is a right-right
H-Hopf module.
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Strong Hopf modules for weak Hopf quasigroups

On the other hand, if Ty = ny o (N ® py),
Tyo(Yyn ® H® H) = Tyo (N® (¢n® H))
and then, if — ® H preserves coequalizers, there exists a unique morphism
¢N®HLH (N®y, HH® H = N®y, H

such that
Ongy H O (M @ H) = Ty.

If —® H preserves coequalizers, the triple (N ®y, H, ¢N®HLH’pN®HLH) is a right-right
H-Hopf module.

Also o
N®py, H
L —
N®@u H — ¢N®HLH

holds.
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Strong Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup such that the functor — ® H preserves coequalizers.

There exists a functor
F:Cu — Ml

called the induction functor, defined on objects by

F((N,¥n)) = (N ®n, H, dnwyy, Hy PN@Y, H)

and for morphisms by F(f) = f ®p, H.
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Strong Hopf modules for weak Hopf quasigroups

Definition

Let H be a weak Hopf quasigroup. With Sl\/lﬁ we will denote the full subcategory
of Mﬂ whose objects are the right-right H-Hopf modules (M, ¢y, ppr) such that the
following equality holds:

(c1) oMo ((pmo (M ® i) ® H) = dm o (M & (u o (iL ® H))),

The objects of SMﬂ will be called right-right strong H-Hopf modules.
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Strong Hopf modules for weak Hopf quasigroups

Definition

Let H be a weak Hopf quasigroup. With Sl\/lﬂ we will denote the full subcategory
of Mﬂ whose objects are the right-right H-Hopf modules (M, ¢y, ppr) such that the
following equality holds:

(c1) ¢mo((pmo (M ®iL)) ® H) = dy o (M ® (pn o (iL @ H))),
The objects of SMﬂ will be called right-right strong H-Hopf modules.

Note that if H is a Hopf quasigroup, (c1) holds because i; = ny. Then, in this particular
setting SMH = Mﬂ

Also the previous equality holds trivially for any Hopf module associated to a weak Hopf
algebra.

4
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Strong Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup such that the functor — ® H preserves coequalizers.
The induction functor F : Cy, — Mﬂ factorizes through the category SME.
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Strong Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup such that the functor — ® H preserves coequalizers.
The induction functor F : Cy, — Mﬂ factorizes through the category SME.

Proposition

| A\

Let H be a weak Hopf quasigroup. There exists a functor
G:SMfi — ¢y,
called the functor of coinvariants, defined on objects by

G((M, dm, pm)) = (M p1con = prr 0 b 0 (i @ i)

and for morphisms by G(g) = ol
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Strong Hopf modules for weak Hopf quasigroups

Proposition

Let H be a weak Hopf quasigroup such that the functor — ® H preserves coequalizers.
The induction functor F : Cy, — Mﬂ factorizes through the category SME.

Proposition

Let H be a weak Hopf quasigroup. There exists a functor
G:SMfi — ¢y,
called the functor of coinvariants, defined on objects by
G((M, dm, pm)) = (M p1con = prr 0 b 0 (i @ i)

and for morphisms by G(g) = g<".

Proposition

| \

Let H be a weak Hopf quasigroup such that the functor — ® H preserves coequalizers.
For any (M, ém, pm) € SMZ, the objects M<H ®p, H and MeeH % H are isomorphic
as right-right H-Hopf modules.
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Strong Hopf modules for weak Hopf quasigroups

For any weak Hopf quasigroup H such the the functor — ® H preserves coequalizers,
F 4 G and the category SMﬂ is equivalent to the category Cy, .
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Strong Hopf modules for weak Hopf quasigroups

For any weak Hopf quasigroup H such the the functor — ® H preserves coequalizers,
F 4 G and the category SMﬂ is equivalent to the category Cy, .
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Strong Hopf modules for weak Hopf quasigroups

For any weak Hopf quasigroup H such the the functor — ® H preserves coequalizers,
F 4 G and the category SI\/Iﬂ is equivalent to the category Cy, .
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