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Bicategories and bigroupoids
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Bicategories and bigroupoids

Definition.

A bicategory B consists of :
(i) A class Bg, whose elements x are called 0-cells.

(if) For each x, y € Bo, a category B(x, y) whose objects f : x — y are called 1-cells
and whose morphisms « : f = g are called 2-cells. The composition of 2-cells is
called the vertical composition of 2-cells and if f is a 1-cell in B(x,y), x is called
the source of f, represented by s(f), and y is called the target of f, denoted by
t(f).

(i) For each x € By, an object 1, € B(x,x), called the identity of x; and for each
X,Yy,z € Bp, a functor

B(y,z) x B(x,y) — B(x, z)

which in objects is called the 1-cell composition (g, f) — g o f, and on arrows is
called horizontal composition of 2-cells:

f,f €B(x,y), g,8 €B(y,z), a:f=f,B3:g=g

(B,a) —~ Bea:gof =g of.
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Bicategories and bigroupoids

(iv) For each f € B(x,y), g € B(y,z), h € B(z,w), an associative isomorphisms
€hgr:(hog)of = ho(gof)
and for each 1-cell f, unit isomorphisms
Ir:lypyof = f, rpifolyn=f,
satisfying the following coherence axioms:
(iv-1) The morphism & ¢ ¢ is natural in h, f and g and I¢, r¢ are natural in f.

(iv-2) Pentagon axiom: &k p gof © Ekoh,g,r = (idk ® £n.g,r) O &k hog,f © (Ek,h,g ® idF).
(iv-3) Triangle axiom: r, e id = (id,  I¢) o §gy1t(r,)1f.
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Bicategories and bigroupoids

Definition.

A bicategory is normal if the unit isomorphisms are identities.
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Bicategories and bigroupoids

Definition.

A bicategory is normal if the unit isomorphisms are identities.

Every bicategory is biequivalent to a normal one.
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Bicategories and bigroupoids

Definition.

A bicategory is normal if the unit isomorphisms are identities.

Every bicategory is biequivalent to a normal one.

Definition.

A 1-cell f is called an equivalence if there exists a 1-cell g : t(f) — s(f) and two
isomorphisms g o f = 1y5), f o g = 1,(). In this case we will say that g € Inv(f) and,
equivalently, f € Inv(g).
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Bicategories and bigroupoids

Definition.

A bicategory is normal if the unit isomorphisms are identities.

Every bicategory is biequivalent to a normal one.

Definition.

A 1-cell f is called an equivalence if there exists a 1-cell g : t(f) — s(f) and two
isomorphisms g o f = 1y5), f o g = 1,(). In this case we will say that g € Inv(f) and,
equivalently, f € Inv(g).

Definition.

A 2-category is a bicategory where &, /, and r are identities.
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Bicategories and bigroupoids

@ There is a 2-category Cat whose 0-cells are small categories, whose 1-cells are
functors, and whose 2-cells are natural transformations.
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Bicategories and bigroupoids

@ There is a 2-category Cat whose 0-cells are small categories, whose 1-cells are
functors, and whose 2-cells are natural transformations.
o Let (C,®,K,a,l, r) be a monoidal category. Then we can construct a bicategory
B in the following way:
o By = {1}.
e B(1,1) = Co. The composition in B(1,1) is given by Vo U=V ® U.
o The 2-cells between to objects of C (1-cells), U, V are the morphisms in
Home¢ (U, V). The horizontal composition in 2-cells is the tensor product.
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Bicategories and bigroupoids

o Another example of bicategory can be found in the theory of bimodules. We chose
as 0-cells the rings with identity. A 1-cell from the ring R to the ring S is a (R, S)-
bimodule M. Given two (R, S)-bimodules M, N, we chosse as a 2-cells from M to
N the (R, S)-linear mappings f : M — N. This yields a bicategory Bim(R, S) of
(R, S)-bimodules and their morphisms.

For a third ring T, the composition

Bim(R, S) x Bim(S, T) — Bim(R, T)

is defined by the tensor product. If M is a (R, S)-bimodule and N is a (S, T)-
bimodule, we have that M ®s N is a (R, T)-bimodule.
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Bicategories and bigroupoids

Definition.

A bigroupoid is a bicategory where every 1-cell is an equivalence and every 2-cell is an
isomorphism. We will say that a bigroupoid B is finite if By is finite and B(x,y) is small

for all x, y.
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Bicategories and bigroupoids

Definiti

A bigroupoid is a bicategory where every 1-cell is an equivalence and every 2-cell is an
isomorphism. We will say that a bigroupoid B is finite if By is finite and B(x, y) is small
for all x, y.

Note that if B is a bigroupoid where B(x,y) is small for all x,y and we pick a finite
number of 0-cells, considering the full sub-bicategory generated by these 0-cells, we have
an example of finite bigroupoid.
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Weak Hopf quasigroups

© Weak Hopf quasigroups
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Weak Hopf quasigroups

In the following we will to assume that C is a strict braided monoidal category where
every idempotent morphism splits. J
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Weak Hopf quasigroups

In the following we will to assume that C is a strict braided monoidal category where
every idempotent morphism splits. J

Definition.

A weak Hopf quasigroup H in C is a unital magma (H,ny,py) and a comonoid
(H,en, dn) such that the following axioms hold:
(i) Onopn = (HH ® pH) © SHEH-
(ii) enopno(un ®H)=enopno(H® py)
= ((en o pn) ® (en o pu)) o (H® 0y @ H)
= ((en o 1) ® (e © p)) o (H @ (cir 3y 0 61) ® H).
(iii) (6w ® H) o 6nomy = (H ® py ® H) o ((61 0 ni) ® (9 © 1))
= (H® (un o ciyy) ® H) 0 (61 0 nt) © (81 0 1m)).-
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Weak Hopf quasigroups

(iv) There exists Ay : H — H in C (called the antipode of H) such that, if we denote
the morphisms idy * Ay by ﬂ,L_, (target morphism) and Ay * idy by I'If, (source
morphism),

(iv-1) NMiy = ((en © p) ® H) o (H® cu,m) © (3 © ) @ H).

(iv-2) N = (H® (en 0 pr)) © (c,n @ H) o (H ® (8w 0 1))

(iv-3) Ap* M = N8 % Ay = Ap.

(iv-4) pr o (An ® pw) o (8n ® H) = p o (N ® H).

(iv-5) pr o (H® pn)o (H® Ay ® H) o (6y @ H) = pp o (Mk @ H).
(iv-6) pr o (n ® An) o (H ® Sn) = pm o (H & M.

(iv-7) pr o (un @ H) o (H® Ay @ H) o (H® ) = pp o (H © ME).
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Weak Hopf quasigroups

(iv) There exists Ay : H — H in C (called the antipode of H) such that, if we denote
the morphisms idy * Ay by ﬂ,L_, (target morphism) and Ay * idy by I'If, (source
morphism),

(iv-1) NMiy = ((en © p) ® H) o (H® cu,m) © (3 © ) @ H).

(iv-2) N = (H® (en 0 pr)) © (c,n @ H) o (H ® (8w 0 1))

(iv-3) Ap* M = N8 % Ay = Ap.

(iv-4) pr o (An ® pw) o (8n ® H) = p o (N ® H).

(iv-5) pr o (H® pr) o (H® Au ® H) o (8n ® H) = py o (M @ H).
(iv-6) pr o (1 ® M) o (H® Sn) = pum o (H & My).

(iv-7) pr o (un @ H) o (H® Ay @ H) o (H® ) = pp o (H © ME).

Note that, if in the previous definition the triple (H, ny, 1) is a monoid, we obtain the
notion of weak Hopf algebra introduced by Béhm, Nill and Szlachanyi. On the other
hand, if ey and dy are morphisms of unital magmas, I'Iﬁ:, = rlﬁ =Ny ®en. As a
consequence, conditions (ii), (iii), (iv-1)-(iv-3) trivialize, and we get the notion of Hopf
quasigroup defined by Klim and Majid.
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Weak Hopf quasigroups

Let B be a finite normal bigroupoid and denote by B; the set of 1-cells. Let F be a field
and FB the direct product
FB = P Ff.

feB1

The vector space FB is a unital non-associative algebra where the product of two 1-
cells is equal to their 1-cell composition if the latter is defined and 0 otherwise, i.e.,
g.f=gofifs(g)=t(f) and g.f =0 if s(g) # t(f). The unit element is

1pg = Z 1.

xEBo
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Weak Hopf quasigroups

Let B be a finite normal bigroupoid and denote by B; the set of 1-cells. Let F be a field
and FB the direct product
FB = P Ff.

feB1

The vector space FB is a unital non-associative algebra where the product of two 1-
cells is equal to their 1-cell composition if the latter is defined and 0 otherwise, i.e.,
g.f=gofifs(g)=t(f) and g.f =0 if s(g) # t(f). The unit element is

Ipg= Y L

xEBo

Let H = FB/I(B) be the quotient algebra where /(B) is the ideal of F3 generated by
h—go(foh), p—(pof)og,

with f € By, g € Inv(f), and h,p € By such that t(h) = s(f), t(f) = s(p). In what
follows, for any 1l-cell f we denote its class in H by [f]. If we assume that /(B) is a
proper ideal and for [f] we define [f]~1 by the class of g € Inv(f), we obtain that [f] 1
is well-defined.
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Weak Hopf quasigroups

Therefore the vector space H with the product

nH(lg] @ [f]) = [g-f]

and the unit

nu(le) = > [14]

xEBo

is a unital non-associative algebra.
Also, it is easy to show that H is a coalgebra with coproduct and counit

Su([f]) = [F1® [f], en([f]) = 1p.
Moreover, we have a morphism (the antipode) Ay : H — H defined by
An([f]) = [~

Then, H is a weak Hopf quasigroup.
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Weak Hopf quasigroups

Therefore the vector space H with the product

r(lg] @ [f]) = [g-f]

and the unit

nu(le) = > [14]

xEBo

is a unital non-associative algebra.
Also, it is easy to show that H is a coalgebra with coproduct and counit

Su([f]) = [F1® [f], en([f]) = 1p.
Moreover, we have a morphism (the antipode) Ay : H — H defined by
An([f]) = [~

Then, H is a weak Hopf quasigroup.

Note that, if Bo = {x} we obtain that H is a Hopf quasigroup. Moreover, if |Bo| > 1
and the product defined in H is associative we have an example of weak Hopf aIgebra.J
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Weak Hopf quasigroups

Proposition

The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Ayony =ny and ey o Ay = ey.
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Weak Hopf quasigroups

The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Ayony =ny and ey o Ay = ey.

Definition.

| A

Let H be a weak Hopf quasigroup. We define the morphisms ﬁ,L_, and ﬁﬁ by

T = (H® (en 0 ) © (31 0 mi) ® H),

and

Tl = ((e11 0 ) ® H) o (H ® (81 0 114)).

A\
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Weak Hopf quasigroups

The antipode of a weak Hopf quasigroup H is unique and leaves the unit and the counit
invariant, i.e. Ay ony =ny and ey o Ay = €.

4

Let H be a weak Hopf quasigroup. We define the morphisms ﬁ,L_, and ﬁﬁ by

T = (H® (en 0 ) © (31 0 mi) ® H),

and

Tl = ((e11 0 ) ® H) o (H ® (81 0 114)).

Proposition.

Let H be a weak Hopf quasigroup. The morphisms I'I,L_,, I'If,, ﬁLH and ﬁz are idempotent.
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Weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup. The following identities hold:
Nb oMy =Nk, NLofy =, MyoNk =My, Mok =nk,

MRoTfiy =My, NEofy =0k MAhonf=nk Tyonk ="y
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Weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup. The following identities hold:
Nb oMy =Nk, NLofy =, MyoNk =My, Mok =nk,

MRoTfiy =My, NEofy =0k MAhonf=nk Tyonk ="y

| \

Proposition.

Let H be a weak Hopf quasigroup. The following identities hold:
Nhoxy=NkLoNf =xy0oNk, NEoxy=nNEonk =xyo0nk,

ML =TR oAy =Ayolly, MR =Tko\y=Ayolp.
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Weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup. The antipode of H is antimultiplicative and antico-
multiplicative, i.e. the following equalities hold:

AH O pH = fiH © CH,H © (AH ® W),

3 oAy = (AH ® Ap) 0 CH,H © Op,
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Weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup. Put H, = Im(rlb) and let pp : H — H; and
i : HL — H be the morphisms such that I'I,L_, =i op. and p; oy = idy, . Then,

i OH
H — H H®H
(H® I'I;-_,)od,.,

is an equalizer diagram and
HH

-
H®H H —— H
-

pro (H®Nk)

is a coequalizer diagram.
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Weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup. Put H, = lm(rlb) and let pp : H — H; and
i : HL — H be the morphisms such that I'I,L_, =i op. and p; oy = idy, . Then,

i OH
H —F— H : H®H
(H® ML) oy
is an equalizer diagram and
PH
- - PL
H® H H ——— H

.
MHO(H®I_IIL_’)

is a coequalizer diagram.

As a consequence, (Hy,mH, = pL © NH, bH, = PL © pi © (ip ® ir)) is a unital magma in
C. Also
(Hi,eH, =en oL, 04 = (PL® pL) 0 6H 0 i)

is a comonoid in C.
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Weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The following identities hold:

pr o ((pr o (i ® H)) ® H) = pp o (it ® pn),
pH o (H® (pro (it ® H))) = pr o ((pno (H®iL)) ® H),
pH o (H® (pr o (H® i) = pp o (1n ® iL).

As a consequence, the unital magma H; is a monoid in C.
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Weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup. The following identities hold:
o ((pr o (ic @ H)) @ H) = py o (i ® pn),
pH o (H® (py o (it ® H))) = pr o ((ur o (H® L)) ® H),

pH o (H® (pr o (H® i) = pp o (1n ® iL).

As a consequence, the unital magma H; is a monoid in C.

As in the weak Hopf algebra setting, H, is a Frobenius separable monoid. J
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Hopf modules for weak Hopf quasigroups
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup and M an object in C. We say that (M, ¢p, pm) is
a right-right H-Hopf module if the following axioms hold:

(i) The pair (M, pp) is a right H-comodule, i.e., ppy : M — M ® H is a morphism
such that (M ® ey) o py = idpy and (ppy @ H) o pyy = (M ® 0y) 0 pp-

(ii) The morphism ¢p : M ® H — M satisfies:
(ii-1) éum o (M ® ny) = idy.
(ii-2) pm o dm = (oM ® pH) 0 (M ® cy,n @ H) o (pm ® On).

(iii) ¢ém o (pm ® An) o (M @ 6y) = dm o (M @ ME).

(iv) dmo (oM @ H) o (M ® Ay ® H) o (M ® bpy) = pm o (M ® N).

(v) dmo(dm @ H)o (MR MNE ® H) o (M® dy) = pum.
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup and M an object in C. We say that (M, ¢p, pm) is
a right-right H-Hopf module if the following axioms hold:

(i) The pair (M, pp) is a right H-comodule, i.e., ppy : M — M ® H is a morphism
such that (M ® ey) o py = idpy and (ppy @ H) o pyy = (M ® 0y) 0 pp-

(ii) The morphism ¢p : M ® H — M satisfies:
(ii-1) éum o (M ® ny) = idy.
(ii-2) pm o dm = (oM ® pH) 0 (M ® cy,n @ H) o (pm ® On).

(iii) ¢ém o (pm ® An) o (M @ 6y) = dm o (M @ ME).

(iv) dmo (oM @ H) o (M ® Ay ® H) o (M ® bpy) = pm o (M ® N).

(v) dmo(dm @ H)o (MR MNE ® H) o (M® dy) = pum.

Obviously,the triple (H, ¢y = py, py = dy) is a right-right H-Hopf module. Moreover,
if (M, ¢m,pm) is a right-right H-Hopf module, the axiom (v) is equivalent to

om0 (dm @ NE) o (M d) = -
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Hopf modules for weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup and (M, ép, pp) a right-right H-Hopf module. The
endomorphism gu := ¢p 0 (M ® Ay) o py : M — M satisfies

pmoau = (M &) o py o qu

and, as a consequence, is an idempotent. Moreover, if M<H (object of coinvariants)
is the image of gy and py : M — M©H ;- M©" — M the morphisms such that
gm = im o pv and idycon = Pm © im,
. P M
Im
MeoH —» M M® H
(M®Mk)opy

is an equalizer diagram.
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Hopf modules for weak Hopf quasigroups

Propositi

Let H be a weak Hopf quasigroup, (M, ¢m,pm) a right-right H-Hopf module. The
endomorphism

Vi = (pm ® H) 0 pm o ¢m o (in ® H) : M @ H— M @ H
is idempotent and the equalities
Vim = ((pm © dm) ® H) o (im ® 6n),
(M @ 8) 0 Vi = (Vm @ H) o (MPF @ 6y),

hold.
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Hopf modules for weak Hopf quasigroups

Let be the morphisms wy : Mot @ H — M, w;w M — M°H @ H defined by
wy = émo(iM®H) and wy, = (pm®H)oppm. Then, wyowy, = idy and Vi = wi,owpy.
Also, we have a commutative diagram

M
Vm

McoH QH — MCOH® H

pMco%\ //\:coH QH

McoH x H

where Mt x H denotes the image of V), and Ppeot gy ippcoH gy are the morphisms

such that pyjcoti gy © ipyjeotigy = idppcot iy @Nd ipjcoti gy © Pppeotipyy = Vm- Therefore,
the morphism

QM = Pppeot gy o wiy
is an isomorphism of right H-modules (i.e., ppcotipy © am = (apm @ H) o pp) with

inverse a&l = WM O it g - The comodule structure of M7 x H is the one induced
by the isomorphism oy, and it is equal to

Prcotix i = (Prcotigry ® H) 0 (M & 811) 0 ipgeoti g 1y-
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Hopf modules for weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup and (M, ¢um, pm), (N, én, pn) right-right H-Hopf
modules. If there exists a right H-comodule isomorphism a : M — N, the triple

(M, ¢y = a o gn o (a® H), pum)

(the a-deformation of (M, ¢y, pm)) is a right-right H-Hopf module.
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup and (M, ¢um, pm), (N, én, pn) right-right H-Hopf
modules. If there exists a right H-comodule isomorphism a : M — N, the triple

(M, ¢y = a o gn o (a® H), pum)

(the a-deformation of (M, ¢y, pm)) is a right-right H-Hopf module.

v

Let H be a weak Hopf quasigroup, (M, ¢pm, pm) a right-right H-Hopf module. The triple
(MeH x H, Do s 1> Pppeot ) Where

Pmeott s = Ppcot g © (M @ pp) o (ipeoti gy @ H),

and
PpeoH s H = (pMC0H®H (02 H) o (MCOH 24 5H) o iMCDH®H’
is a right-right H-Hopf module.
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Hopf modules for weak Hopf quasigroups

Proposition.

Let H be a weak Hopf quasigroup, (M, ¢, pm) be a right-right H-Hopf module and
apy @ M — Mt x H be the isomorphism of right H-comodules defined previously. The
triple (M,¢7/,M,pM) is a right-right H-Hopf module and the identity

" = dmo (am ® pr) o (om @ H)

holds and
am
Ay = am;

where q,‘\)‘/,"” = qﬁﬁ;"” o (M ® Ap) o py is the idempotent morphism associated to the
Hopf module (M,¢7/,M,pM). Then, (M, ¢7/,M7PM) has the same object of coinvariants
of (M, ém, pm). Moreover, for (M, ¢7//M7PM) we have that

V‘,\)AM =Vum
and then, for (M,¢7/,M,pM), the associated isomorphism between M and M@t x H is
ay. Finally,
(5i1)7m = g
holds.
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The triple (H, ¢y = pnH, py = 04) is a right-right
H-Hopf module and ¢Z“ = ¢y because

ot = pr o (N ® pr) o (60 ® H) = py.
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup. The triple (H, ¢y = pnH, py = 04) is a right-right
H-Hopf module and ¢Z“ = ¢y because

ot = pr o (N ® pr) o (60 ® H) = py.

| N

Proposition.

Let H be a weak Hopf quasigroup and let (M, ¢u, pp) be an object in Mﬂ Then, for

. CucoH
(M X H, ppeot s 14> Ppseoti o ) the identity ¢ i

MeoH s H = ¢MCDH>< H holds.
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Hopf modules for weak Hopf quasigroups

Definition.

Let H be a weak Hopf quasigroup and let (M, ¢y, ppr) and (N, én, pn) be right-right
H-Hopf modules. A morphism f : M — N is said to be H-quasilineal if the following
identity holds
SN o (F® H) = fogpM.

A morphism of right-right H-Hopf modules between M and N is a morphism f : M — N
such that is both a morphism of right H-comodules and H-quasilineal. The collection of
all right H-Hopf modules with their morphisms forms a category which will be denoted
by

My
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Hopf modules for weak Hopf quasigroups

Let H be a weak Hopf quasigroup and let (M, ¢y, ppr) and (N, én, pn) be right-right
H-Hopf modules. A morphism f : M — N is said to be H-quasilineal if the following
identity holds

SN o (F® H) = fogpM.

A morphism of right-right H-Hopf modules between M and N is a morphism f : M — N
such that is both a morphism of right H-comodules and H-quasilineal. The collection of
all right H-Hopf modules with their morphisms forms a category which will be denoted
by

My

<

Theorem: Fundamental Theorem of Hopf modules

Let H be a weak Hopf quasigroup and let (M, ¢n, pp) be an object in Mﬂ Then,
the right-right H-Hopf modules (M, épm, pp) and (M<H x H, DhjcoH s 13 Ppgeot ) are
isomorphic in MZ
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From now on we assume that C admits coequalizers. Remember that H; is a monoid
and then we can consider Cyy, , the category of right H;-modules. J
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From now on we assume that C admits coequalizers. Remember that H; is a monoid
and then we can consider Cyy, , the category of right H;-modules.

Let (N,%y) be an object in Cy, and consider the coequalizer diagram

Yy @ H n
- N
N®H, ®H NeH ——— > Ny H
-,
N® en

where oy = pyo (H® ip).

Ramén Gonzalez Ro: ez The Next Step: Weak Hopf Quasigroups



Strong Hopf modules for weak Hopf quasigroups

From now on we assume that C admits coequalizers. Remember that H; is a monoid
and then we can consider Cyy, , the category of right H;-modules.

Let (N,%y) be an object in Cy, and consider the coequalizer diagram

Yy @ H n
S N
N®H, ®H NeH — >  NowH
-,
N® py

where oy = pyo (H® ip).

The morphism 'y = (ny ® H) o (N ® dp) is such that Ty o (Ypy @ H) = Ty o (N® ¢p).
Then, there exists a unique morphism

pn@y H N O H— (N®n H)®H

such that PNy, H O N = I'y. The pair (N ®p, H, pN®HLH) is a right H-comodule.
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On the other hand, if Ty = ny o (N ® py),
Tyo(vn ® H® H) = Tyo (N (¢n® H))
and then, if — ® H preserves coequalizers, there exists a unique morphism
¢N®HLH :(N®y, HH® H = N®y, H

such that

Ongy H O (M @ H) = Ty.

Ramén Gonzalez Rodriguez The Next Step: Weak Hopf Quasigroups



Strong Hopf modules for weak Hopf quasigroups

On the other hand, if Ty = ny o (N ® py),
Tyo(vn ® H® H) = Tyo (N (¢n® H))
and then, if — ® H preserves coequalizers, there exists a unique morphism
¢N®HLH :(N®y, HH® H = N®y, H

such that
Ongy H O (M @ H) = Ty.

If —® H preserves coequalizers, the triple (N ®p, H, ¢N®HLH’pN®HLH) is a right-right
H-Hopf module.
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On the other hand, if Ty = ny o (N ® py),
Tyo(vn ® H® H) = Tyo (N (¢n® H))
and then, if — ® H preserves coequalizers, there exists a unique morphism
¢N®HLH :(N®y, HH® H = N®y, H

such that
Ongy H O (M @ H) = Ty.

If —® H preserves coequalizers, the triple (N ®p, H, ¢N®HLH’pN®HLH) is a right-right
H-Hopf module.

Also o
N@p, H
¢N®HLH - ¢N®HLH

holds.
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Proposi

Let H be a weak Hopf quasigroup such that the functor — ® H preserve coequalizers.
There exists a functor

F: CHL — MZ,
called the induction functor, defined on objects by

F((N,¥n)) = (N ®n, H, dnwyy, Hy PN@Y, H)

and for morphisms by F(f) = f ®p, H.
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Definition.

Let H be a weak Hopf quasigroup. With Sl\/lﬁ we will denote the full subcategory
of Mﬂ whose objects are the right-right H-Hopf modules (M, ¢y, ppr) such that the
following equality holds:

(1) omo((dmo (M ® i) ® H) = dn o (M & (o (iL ® H))),

The objects of SMﬂ will be called right-right strong H-Hopf modules.
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Definition.

Let H be a weak Hopf quasigroup. With Sl\/lﬂ we will denote the full subcategory
of Mﬂ whose objects are the right-right H-Hopf modules (M, ¢y, ppr) such that the
following equality holds:

(1) omo((dmo (M ® i) ® H) = dn o (M & (o (iL ® H))),

The objects of SMﬂ will be called right-right strong H-Hopf modules.

Note that if H is a Hopf quasigroup, (1) holds because iy = ny. Then, in this particular
setting SMH = Mﬂ

Also the previous equality holds trivially for any Hopf module associated to a weak Hopf
algebra.

4
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Proposition.

Let H be a weak Hopf quasigroup such that the functor — ® H preserve coequalizers.
The induction functor F : Cy, — Mﬂ factorizes through the category SME.
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Proposition.

Let H be a weak Hopf quasigroup such that the functor — ® H preserve coequalizers.
The induction functor F : Cy, — Mﬂ factorizes through the category SME.

Proposition.

Let H be a weak Hopf quasigroup. There exists a functor
G:SMfi — ¢y,
called the functor of coinvariants, defined on objects by

G((M, dm, pm)) = (M pcon = prr 0 b 0 (i @ i)

coH

and for morphisms by G(g) =g

N
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Let H be a weak Hopf quasigroup such that the functor — ® H preserve coequalizers.
The induction functor F : Cy, — Mﬂ factorizes through the category SME.

Let H be a weak Hopf quasigroup. There exists a functor

G:SMfi — ¢y,
called the functor of coinvariants, defined on objects by

G((M, dm, pm)) = (M pcon = prr 0 b 0 (i @ i)

and for morphisms by G(g) = g<".

v

Let H be a weak Hopf quasigroup such that the functor — ® H preserve coequalizers.
For any (M, ¢m, pm) € SMZ, the objects M<H ®p, H and MeeH % H are isomorphic
as right-right H-Hopf modules.
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For any weak Hopf quasigroup H such the the functor — ® H preserve coequalizers,
F 4 G and the category SMﬂ is equivalent to the category Cy, .
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