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The Hopf algebra case

In the following C denotes a strict braided monoidal category with tensor product ®,
unit object K and braiding c. From now on we also assume in C that every idempotent
morphism splits.
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Ramén Gonzélez Rodri The Fundamental Theorem of




The Hopf algebra case

Definition.

Let H be a Hopf algebra and M an object in C. We say that (M, ¢p, pm) is a right-right
H-Hopf module (or a right H-Hopf module for short) if the following axioms hold:

(i) The pair (M, ¢p) is a right H-module
(if) The pair (M, pp) is a right H-comodule.

(iii) pm o oM = (M ® pr) o (M ® e,y ® H) o (pm ® OH), i.e. ¢ is a morphism of
right H-comodules with the codiagonal coaction on M ® H.

Obviously, if H is a Hopf algebra, the triple (H, ¢y = pun, py = 0y) is a right-right
H-Hopf module.

v
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The Hopf algebra case

Definition.

Let H be a Hopf algebra and M an object in C. We say that (M, ¢p, pm) is a right-right
H-Hopf module (or a right H-Hopf module for short) if the following axioms hold:

(i) The pair (M, ¢p) is a right H-module
(if) The pair (M, pp) is a right H-comodule.

(iii) pm o oM = (M ® pr) o (M ® e,y ® H) o (pm ® OH), i.e. ¢ is a morphism of
right H-comodules with the codiagonal coaction on M ® H.

Obviously, if H is a Hopf algebra, the triple (H, ¢y = pun, py = 0y) is a right-right

H-Hopf module.

v

A morphism between two right H-Hopf modules is a morphism in C of right H-modules
and right H-comodules. With Mﬁ we will denote the category of right H-Hopf modules
and morphisms of right H-Hopf modules.

v
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The Hopf algebra case

Proposition.

Let H be a Hopf algebra. If (M, ¢y, pum) is a right H-Hopf module, the morphism
am = ¢mo (M@ Ay)opy: M — M

is idempotent. Moreover, if MH (object of coinvariants) is the image of gy and
pv c M — M@ o MH 5 M are the morphisms such that gy = iy o py and
idyjcon = PM © ipg,
7 M

Im
McoH - > M

M@ H

M & nu
is an equalizer diagram. Moreover, the following identities hold:
PM O qm = qm ® 1H,

ém o (gu ® H) o py = idp,
pm 0 dm © (im ® H) = (¢m ® H) o (im ® d4),
am o opm o (iy ® H) = iy Q@ .
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The Hopf algebra case

Let If (M, ¢m, pm) be a right H-Hopf module. If we define the morphisms
wy M QH M, wy M= MY RH,
by wym = ém o (im ® H) and wy, = (pm ® H) o pm. Then, wy o wy, = idy and

Wiy 0wy = idpjcoti - Therefore, wy is an isomorphism and it is also a morphism of
right H-Hopf modules if we consider

¢MCDH®H = MCOH ® HH, pMCGH®H = MCOH ® CSH-
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The Hopf algebra case

Let If (M, ¢m, pm) be a right H-Hopf module. If we define the morphisms

wy M QH M, wy M= MY RH,
by wym = ém o (im ® H) and wy, = (pm ® H) o pm. Then, wy o wy, = idy and
Wiy 0wy = idpjcoti - Therefore, wy is an isomorphism and it is also a morphism of

right H-Hopf modules if we consider

¢MCDH®H = MCOH ® HH, pMCGH®H = MCOH ® CSH-

Theorem. (Fundamental Theorem of Hopf modules)

Let H be a Hopf algebra and assume that (M, ¢y, pm) is an object in the category M.
Then, the right-right H-Hopf modules (M, ¢, pp) and (M©HQ H, Bprcoti g H» PrcoH o)
are isomorphic in Mﬂ
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The Hopf algebra case

Let N be an object in C. Then,
(N® H,pngH = N ® p, pngH = N ® 0p)

is an object in Mz Also, if f : N — P is a morphism in C, f ® H is a morphism in
Mz between (N R H, ¢N®H,PN®H) and (N ® H, ¢N®H7PN®H)-
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The Hopf algebra case

Let N be an object in C. Then,
(N® H,pngH = N ® p, pngH = N ® 0p)

is an object in Mz Also, if f : N — P is a morphism in C, f ® H is a morphism in
Mz between (N R H, ¢N®H,PN®H) and (N ® H, ¢N®H7PN®H)-

Theorem.

| A\

Let H be a Hopf algebra. There exists a functor
F:C— Mﬂ,

called the induction functor, defined on objects by F(N) = (N ® H, ¢ngH, pngH) and
for morphisms by F(f) = f ® H.
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The Hopf algebra case

Let (M, ¢um, pm) be a right-right H-Hopf module and consider the object of coinvariants
MeH Let g : M — T be a morphism in Mﬂ Using the comodule morphism condition
we obtain that p1 o g o iy = (g 0 ipm) ® iy and this implies that there exists a unique
morphism g : McoH _ TcoH gych that

irog® =goiy.
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The Hopf algebra case

Let (M, ¢um, pm) be a right-right H-Hopf module and consider the object of coinvariants
MeH Let g : M — T be a morphism in Mﬂ Using the comodule morphism condition
we obtain that p1 o g o iy = (g 0 ipm) ® iy and this implies that there exists a unique
morphism g : McoH _ TcoH gych that

irog® =goiy.

Theorem.

Let H be a Hopf algebra. There exists a functor
G: Ml ¢,

called the functor of coinvariants, defined on objects by G((M, ¢n1, pm)) = MH and
for morphisms by G(g) = g<*.
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The Hopf algebra case

Let H be a Hopf algebra. The induction functor F : C — MZ is left adjoint of the
functor of coinvariants G : Mﬂ —C.
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The Hopf algebra case

Let H be a Hopf algebra. The induction functor F : C — M/} is left adjoint of the
functor of coinvariants G : Mﬂ —C.

v

The unit and the counit of the adjunction are defined by:

uy = pngHo (N®ny) =idy : N = (N® H)®H =N

v =wy: M9 H— M

Ramén Gonzélez Rodriguez The Fundamental Theorem of Hopf Modules



The Hopf algebra case

Let H be a Hopf algebra. The induction functor F : C — M/} is left adjoint of the
functor of coinvariants G : Mﬂ —C.

v

The unit and the counit of the adjunction are defined by:

uy = pngHo (N®ny) =idy : N = (N® H)®H =N

v =wy: M9 H— M

Let H be a Hopf algebra. The induction functor F : C — Mﬂ and the functor of
coinvariants G : Mﬂ — C induce an equivalence of categories.
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The weak Hopf algebra case

Definition.

Let H be a Hopf algebra and M an object in C. We say that (M, ¢p, pp) is a right-right
H-Hopf module (or a right H-Hopf module for short) if the following axioms hold:

(i) The pair (M, ¢p) is a right H-module
(ii) The pair (M, pp) is a right H-comodule.
(iii) pm o dm = (ém @ pr) o (M ® iy ® H) o (pm ® Op).
Obviously, as in Hopf algebra setting, if H is a weak Hopf algebra, the triple

(H,¢H = pH, pH = OH)

is a right-right H-Hopf module.
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The weak Hopf algebra case

Definition.

Let H be a Hopf algebra and M an object in C. We say that (M, ¢p, pp) is a right-right
H-Hopf module (or a right H-Hopf module for short) if the following axioms hold:

(i) The pair (M, ¢p) is a right H-module
(ii) The pair (M, pp) is a right H-comodule.
(iii) pm o oM = (oM ® pr) © (M ® cHp ® H) o (pm & 01)-
Obviously, as in Hopf algebra setting, if H is a weak Hopf algebra, the triple
(H,éH = 11, pH = O1)

is a right-right H-Hopf module.

A morphism between two right H-Hopf modules is a morphism in C of right H-modules
and right H-comodules. With MZ we will denote the category of right H-Hopf modules
and morphisms of right H-Hopf modules.
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The weak Hopf algebra case

Proposition.

Let H be a weak Hopf algebra. If (M, ¢, pm) is a right H-Hopf module, the morphism
am = ¢mo (M@ Ax)opy: M — M

satisfies pyy o gy = (M ® I'I;-_,) o pm © gp and, as a consequence, gy is idempotent.
Moreover, if MM (object of coinvariants) is the image of g and py : M — MeH,
ip 2 M — M are the morphisms such that gy = iy o py and idyjcon = PM O im,

v N
MeoH ———» M M® H

is an equalizer diagram. Also,

im
MCOH - > M

Y

Y

—R
(M@)o pm

is an equalizer diagram.
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The weak Hopf algebra case

Moreover, the following identities hold:
ém o (gu ® H) o py = idp,

pm © dum o (i ® H) = (¢m ® H) o (im ® on),
pm © du o (i © H) = pm o du o (im ® Mfy).
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The weak Hopf algebra case

In the conditions of the previous proposition, the morphism
Vi = (pm ® H) 0 py o pm o (im @ H) : M @ H—» M @ H
is idempotent and the equalities
Vi = ((pm © ¢m) ® H) o (im ® h),
(M & §y) 0 Vi = (Vm & H) o (M @ 6p).
hold. If we define the morphisms
wy MM QH M, Wy M= MO @ H,

by wy = ém o (iv ® H) and w), = (pv ® H) o py. Then, wy o wy, = idy and
VM = wp, owpy.
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The weak Hopf algebra case

Also, we have a commutative diagram

M
yiw‘
Vm

McoH QH > MecoH QH
me AH@-/
MCOH x H

where MM x H denotes the image of V and Ppeot gy ippco gy are the morphisms
such that pycot gy © iyeotigy = idpgeot 1y @aNd ipyjcoti g 1y © Pppeotigy = VM-
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The weak Hopf algebra case

Therefore, the morphism
apy = pMC°H®H ow;v, M — MCOH xX H

is an isomorphism of right H-Hopf modules with inverse a&l = WM O ipeotigyy- The
comodule structure of M©H x H is

PpeoH x H = (pMcaH®H ® H) o (MCOH ® 5[-[) o iMCDH®H'
and the module structure is defined by

Bupeot x 1 = Preotip © (MY & pupy) o (ipgeoti gy ® H)-

Ramén Gonzalez Rodriguez The Fundamental Theorem of Hopf Modules



The weak Hopf algebra case

Let H be a weak Hopf algebra in a monoidal braided category. If H; = lm(ﬂb), pL :
H — H;, and iy : HL — H are the morphisms such that I'I;-_, =iopL and pyoi = idy,,

i OH
H —— H H®H
(H® NkL)ody

is an equalizer diagram and

H
pL

H®H H —— H
-

pro (H®Nk)

is a coequalizer diagram.
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The weak Hopf algebra case

As a consequence,

(He,mH, = pL o nHs i, = PLo ph o (iL ® iL))
is a monoid in C and

(Hi,en, =en o, 04 = (pL®pL) oy oiL)
is a comonoid in C. Also, we have that

dpoppo (it ®H) = (pn ® H) o (iL ® o),

JHONHO(H(X)I'L) = (MH@H)O(H®CH,H)O(5H®iL)-
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The weak Hopf algebra case

From now on we assume that C admits coequalizers.
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The weak Hopf algebra case

With Cy, we will denote the category of right H;-modules. Note that the pair (H, Yy =
uy o (H®ip)) is a right H.-module. J
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The weak Hopf algebra case

With Cy, we will denote the category of right H;-modules. Note that the pair (H, Yy =
uy o (H®ip)) is a right H.-module. J

Let (N, ) be an object in Cy, and consider the coequalizer diagram

vy @ H
- 6696969 ny
N®H ®H NQH ——— N ®pn, H
S
N® oH
where oy = puy o (ip ® H). We have
(nv®@H)o(bn @) = ((Mvo(N®pH))®H)o(N®HL®6H) = (ny®H)o(N®(HowH))
and, as a consequence, there exists a unique morphism

pn@y H N O H— (N®y H)© H

such that

'DN®HLH ony = (nN ® H) o (N®(SH)
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The weak Hopf algebra case

The pair (N ®y, H, pN®HLH) is a right H-comodule. J
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The weak Hopf algebra case

The pair (N ®y, H, pN®HLH) is a right H-comodule. J

On the other hand, we have
ny o (Yn ® pr) = ny o (N® (pm o (it ® pr))) = nn o (N ® (pH o (pn @ H))),
and then, if the functor — ® H preserves coequalizers, there exists a unique morphism
PNy, H (N®y, Hy®@ H = N ®4, H

such that

Pn@p, H O (ny ® H) = ny o (N ® pg).
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The weak Hopf algebra case

The pair (N ®y, H, pN®HLH) is a right H-comodule. J

On the other hand, we have
ny o (Yn ® pr) = ny o (N® (pm o (it ® pr))) = nn o (N ® (pH o (pn @ H))),
and then, if the functor — ® H preserves coequalizers, there exists a unique morphism
PNy, H (N®y, Hy®@ H = N ®4, H

such that

¢N®HLH o(ny ® H) = nyo(N® py).

The pair (N ®y, H, ¢N®HLH) is a right H-module J
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The weak Hopf algebra case

The pair (N ®y, H, pN®HLH) is a right H-comodule. J

On the other hand, we have
ny o (Yn ® pr) = ny o (N® (pm o (it ® pr))) = nn o (N ® (pH o (pn @ H))),
and then, if the functor — ® H preserves coequalizers, there exists a unique morphism

PNy, H (N®y, HH®@ H - N @y, H

such that

¢N®HLH o(ny ® H) = nyo(N® py).
The pair (N ®y, H, ¢N®HLH) is a right H-module J
The triple

(N®n, H, ¢N®HLH7PN®HLH)

is a right-right H-Hopf module.
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The weak Hopf algebra case

On the other hand, if f : N — P is a morphism in CH;, we have that
np o (F® H) o (4w @ H) = np o (F @ H) o (N ® @p1)

and, as a consequence, there exists an unique morphism f®y, H: N®y, H - P®uy, H
such that
npo (f®H) = (f ®u, H)ony.

The morphism f ®y, H is a morphism in Mﬂ
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The weak Hopf algebra case

On the other hand, if f : N — P is a morphism in CH;, we have that
np o (F® H) o (4w @ H) = np o (F @ H) o (N ® @p1)

and, as a consequence, there exists an unique morphism f®y, H: N®y, H - P®uy, H
such that
npo (f®H) = (f ®u, H)ony.

The morphism f ®y, H is a morphism in Mﬂ

Theorem.

Let H be a weak Hopf algebra such that the functor — ® H preserves coequalizers.

There exists a functor
F : CHL — Mﬂ,

called the induction functor, defined on objects by

F((N,¥n)) = (N ®ph, H, ¢N®HLH7PN®HLH)

and for morphisms by F(f) = f ®py, H.
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The weak Hopf algebra case

Let (M, ém, pm) be a right-right H-Hopf module. Then, the pair
(M pppcon = prmr © du © (im © i)
is a right H-module. Let g : M — T be a morphism in Mﬂ Using the comodule
morphism condition we obtain that
p = .
progoiy=(T®MNy)oprogoiy
and this implies that there exists a unique morphism gt : McH _ TcoH gych that
irog® =goiy.
Then,
irog®opy=goqu=qrog
and, as a consequence,
g opu=prog.

oH s a morphism of right H;-modules.

Therefore, we obtain that g
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The weak Hopf algebra case

Let H be a weak Hopf algebra. There exists a functor

G: Mfj = Cy,

called the functor of coinvariants, defined on objects by G((M,dnm,pm)) =
(I\/IC"HJJJMCOH) and for morphisms by G(g) = g<".
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The weak Hopf algebra case

Let H be a weak Hopf algebra. There exists a functor

G: Mfj = Cy,

called the functor of coinvariants, defined on objects by G((M,dnm,pm)) =
(I\/IC"HJJJMCOH) and for morphisms by G(g) = g<".

4

Let H be a weak Hopf algebra such that the functor — ® H preserves coequalizers.
For any (M, ¢u, on) € ME, the objects MeoH ®p, H and MeoH % H are isomorphic
right-right H-Hopf modules.

v
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The weak Hopf algebra case

Let H be a weak Hopf algebra. There exists a functor

G: Mfj = Cy,

called the functor of coinvariants, defined on objects by G((M,dnm,pm)) =
(I\/IC"H,waH) and for morphisms by G(g) = g<".

Let H be a weak Hopf algebra such that the functor — ® H preserves coequalizers.
For any (M, ¢u, on) € ME, the objects MeoH ®p, H and MeoH % H are isomorphic
right-right H-Hopf modules.

v

Theorem. (Fundamental Theorem of Hopf modules)

Let H be a weak Hopf algebras and assume that (M, ¢, pp) is an object in the category
Mﬂ If the functor functor —®H preserves coequalizers, the right-right H-Hopf modules

(M, ép1, prr) and (MH ®H, H, et Hi PMeoH g, 1) are isomorphic in MZ
L L

A
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The weak Hopf algebra case

Let H be a weak Hopf algebra such that the functor — ® H preserves coequalizers.
The induction functor F : Cy, — Mﬂ is left adjoint of the functor of coinvariants

G: Mt —cy,.
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The weak Hopf algebra case

Let H be a weak Hopf algebra such that the functor — ® H preserves coequalizers.
The induction functor F : Cy, — Mﬂ is left adjoint of the functor of coinvariants
G: MZ — CHL'

For any right H -module (N, 1) define the unit of the adjunction by

uy : N = GF(N) = (N ®p, H)<"
as the unique morphism such that
iNoy, H o un = ny o (N &nr).
For any (M, éum, pm) € M} the counit is defined by
vy = a&l o sy 1 Mt ®u, H— M,

where a,\_/,l = WM O iyl gy and sy is the isomorphism between M<H ®H, H and
MeH x H.
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The weak Hopf algebra case

Let H be a Hopf algebra such that the functor — ® H preserves coequalizers. The
induction functor F : Cy, — ./\/tﬁ and the functor of coinvariants G : Mﬁ — Ch,
induce an equivalence of categories.
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The Hopf quasigroup case

© The Hopf quasigroup case

Ramén Gonzélez Rodri The Fundamental Theorem of




The Hopf quasigroup case

Definition.

Let H be a Hopf quasigroup and M an object in C. We say that (M, ¢p, pp) is a
right-right H-Hopf module (or a right H-Hopf module for short) if the following axioms
hold:

(i) The pair (M, ¢p) satisfies

(i-1) ¢m o (M ® ny) = idu,
(i-2) ¢mo(dm ® H) o (MO Ay @ H) o (M®8n) = M®en = ¢m o (dm ® An) o (M ® 6n)

(if) The pair (M, pp) is a right H-comodule.

(iii) pm o oM = (M ® pr) o (M ® ey ® H) o (pm ® On), i-e. ¢ is a morphism of
right H-comodules with the codiagonal coaction on M ® H.

Obviously, if H is a Hopf quasigroup, the triple (H, ¢y = pH, py = o) is a right-right
H-Hopf module.

v
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The Hopf quasigroup case

Definition.

Let H be a Hopf quasigroup. If (M, ¢y, pm) is a right H-Hopf module, the morphism
am = ¢mo (M@ An)opy : M — M

is idempotent. Moreover, if M (object of coinvariants) is the image of gy and
pm i M — M o MH s M are the morphisms such that gy = iy o py and
idyjcon = PM © ipg,

im
McoH _— > M

Y

M@ H

M & ny
is an equalizer diagram. Moreover, the following identities hold:
PM O qM = qm @ MH,
ém o (qm ® H) o py = idu,
pm o dm o (im ® H) = (pm ® H) o (im ® o),
qm © o (iv ® H) = iy @ ep-
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The Hopf quasigroup case

Let If (M, ¢um, pm) be a right H-Hopf module. If we define the morphisms
wm i MAQH M, wy M= M H,
by wy = ém o (iv ® H) and wy, = (pv ® H) o py. Then, wy o wy, = idy and

@y owy = ind.oH®H. Therefore, wm is an is.omorphism with inverse wj, and it is also
a morphism of right H-comodules if we consider

d)McoH@H = MCOH & UH, PMeoHgH = MCOH ® 5H-
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The Hopf quasigroup case

If (M, ém,pm). (N, dn,pn) are right-right H-Hopf modules and there exists a right
H-comodule isomorphism o : M — N, the triple (M, ¢% = a=t o ¢y o (a ® H), py) is
a right-right H-Hopf module. Then, for the isomorphism wj, we have that

(M, 3 pm)
is a right-right H-Hopf module where ¢7/,M =o¢mo (gu @ py) o (pm ® H) holds and
a = aum,

where q;’” = qﬁ‘;\;,"/’ o (M ® Ay) o py is the idempotent morphism associated to the
’ I
Hopf module (M,QS;)/,M,pM). Therefore, (M, ép1, pm) and (M,¢:}/,M,pM) have tha same

/ ’
coinvariants. Finally, (¢QAJ,IM)“’;VI = QSLAL:,M holds.

Note that the triple (H,¢y = pn,pH = On) is a right-right H-Hopf module and

s = oy,
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The Hopf quasigroup case

Definition.

Let H be a Hopf quasigroup and let (M, ¢p, pp) and (N, ¢, p) be right-right H-Hopf
modules. A morphism f : M — N in C is said to be H-quasilineal if the following identity
holds:

’ ’
No(f@H)=Ffop.
A morphism of right-right H-Hopf modules between M and N is a morphism f : M — N
in C such that is both a morphism of right H-comodules and H-quasilineal. The collection

of all right H-Hopf modules with their morphisms forms a category which will be denoted
by M.
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The Hopf quasigroup case

Let H be a Hopf quasigroup and let (M, ¢p, pp) and (N, ¢, p) be right-right H-Hopf
modules. A morphism f : M — N in C is said to be H-quasilineal if the following identity
holds:

’ ’
No(f@H)=Ffop.
A morphism of right-right H-Hopf modules between M and N is a morphism f : M — N
in C such that is both a morphism of right H-comodules and H-quasilineal. The collection

of all right H-Hopf modules with their morphisms forms a category which will be denoted
by M.

4

Theorem. Fundamental Theorem of Hopf modules

Let H be a Hopf quasigroup and assume that (M, ¢p1, pm) is an object in the category
MZ Then, (M, éum, pm) and (M7 @ H, PprcoH g Hs PpcoH g ) are isomorphic in ./\/lﬂ

V.
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The Hopf quasigroup case

Let N be an object in C. Then,
(N® H,pngH = N ® p, pngH = N ® 0p)

is an object in Mz Also, if f : N — P is a morphism in C, f ® H is a morphism in
Mz between (N R H, ¢N®H,PN®H) and (N ® H, ¢N®H7PN®H)-
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The Hopf quasigroup case

Let N be an object in C. Then,
(N® H,pngH = N ® p, pngH = N ® 0p)

is an object in Mz Also, if f : N — P is a morphism in C, f ® H is a morphism in
Mz between (N R H, ¢N®H,PN®H) and (N ® H, ¢N®H7PN®H)-

Theorem.

| A\

Let H be a Hopf quasigroup. There exists a functor
F:C— Mﬂ,

called the induction functor, defined on objects by F(N) = (N ® H, ¢ngH, pngH) and
for morphisms by F(f) = f ® H.
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The Hopf quasigroup case

Let (M, ¢um, pm) be a right-right H-Hopf module and consider the object of coinvariants
MeH Let g : M — T be a morphism in Mﬂ Using the comodule morphism condition
we obtain that p1 o g o iy = (g 0 ipm) ® iy and this implies that there exists a unique
morphism g : McoH _ TcoH gych that

irog® =goiy.

Ramén Gonzalez Ro: ez The Fundamental Theorem of Hopf Modules



The Hopf quasigroup case

Let (M, ¢um, pm) be a right-right H-Hopf module and consider the object of coinvariants
MeH Let g : M — T be a morphism in Mﬂ Using the comodule morphism condition
we obtain that p1 o g o iy = (g 0 ipm) ® iy and this implies that there exists a unique
morphism g : McoH _ TcoH gych that

irog® =goiy.

Theorem.

Let H be a Hopf quasigroup. There exists a functor
G: Ml ¢,

called the functor of coinvariants, defined on objects by G((M, ¢n1, pm)) = MH and
for morphisms by G(g) = g<*.
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The Hopf quasigroup case

Let H be a Hopf quasigroup. The induction functor F : C — Mﬂ is left adjoint of the
functor of coinvariants G : MZ —C.
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The Hopf quasigroup case

Let H be a Hopf quasigroup. The induction functor F : C — Mﬂ is left adjoint of the
functor of coinvariants G : Mﬁ —C.

v

The unit and the counit of the adjunction are defined by:

uy = preH © (N®@ny) =idy : N — (N®@ H)®" =N

v =wy: M o H— M
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The Hopf quasigroup case

Let H be a Hopf quasigroup. The induction functor F : C — MZ and the functor of
coinvariants G : Mﬂ — C induce an equivalence of categories.

Ramén Gonzélez Rodri
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