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Some notation and conventions.

@ From now on C denotes a strict symmetric category with tensor product denoted by
® and unit object K. With ¢ we will denote the natural isomorphism of symmetry
and we also assume that every idempotent morphism g : Y — Y splits, i.e., there
exist an object Z and morphisms i : Z — Y and p: Y — Z such that g=iop
and poi =idy.
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o (A,na, pa) is an associative algebra with multiplication pa and unit na.
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Some notation and conventions.

@ From now on C denotes a strict symmetric category with tensor product denoted by
® and unit object K. With ¢ we will denote the natural isomorphism of symmetry
and we also assume that every idempotent morphism g : Y — Y splits, i.e., there
exist an object Z and morphisms i : Z — Y and p: Y — Z such that g=iop
and poi =idy.

(A, na, na) is an associative algebra with multiplication pa and unit na.

(C,ec,d¢) is a coassociative coalgebra with comultiplication §¢ and counit ec.

For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.
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Some notation and conventions.

@ From now on C denotes a strict symmetric category with tensor product denoted by
® and unit object K. With ¢ we will denote the natural isomorphism of symmetry
and we also assume that every idempotent morphism g : Y — Y splits, i.e., there
exist an object Z and morphisms i : Z — Y and p: Y — Z such that g=iop
and poi =idy.

o (A,na, pa) is an associative algebra with multiplication pa and unit na.

o (C,ec,dc) is a coassociative coalgebra with comultiplication §¢ and counit ec.

o For simplicity of notation, given three objects V, U, B in C and a morphism
f:V — U, we write

B® f for idg ® f and f ® B for f ® idg.

o For an algebra A we denote by Z(A) the center of A and by iz(4) the inclusion
morphism of Z(A) on A.
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Cleft extensions for weak Hopf algebras

Cleft extensions for weak Hopf algebras

@ Cleft extensions for weak Hopf algebras

Ramén Gonzalez Ro: ez Cleft extensions, integrals and crossed products in a weak setting



Cleft extensions for weak Hopf algebras

Definition.

A weak Hopf algebra in C is an object in C with an algebra structure (H, ny, py) and
a coalgebra structure (H, ey, dy) satisfying:

(1) dnopn = (pH® pu) o (H® chn® H)o (64 ® dn).

(2) enopmo(pn @ H) = ((en o pr) ® (en o pn)) o (H® on @ H)
= ((ern o pr) ® (en o pr)) o (H ® (cH,H © 61) ® H).

(3) (b ®H)odyony =(H® pn @ H)o (01 0nu) ® (61 ©1H))
= (H ® (1 o cy,1) ® H) o (01 0 1) ® (61 © nH))-
(4) There exists a morphism Ay : H — H in C (called the antipode of H) satisfying:
(4-1) idy A Xy = ((en 0o pr) ® H) o (H ® cp,n) o (01 © 1) ® H).

(4-2) Ay Aidy = (H® (e o pn)) o (cH,n ® H) o (H ® (04 © ny))-

(4—3) A ANidy AN Ay = Ay
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Cleft extensions for weak Hopf algebras

If H is a weak Hopf algebra in C, the antipode Ay is unique, antimultiplicative, antico-
multiplicative and leaves the unit and the counit invariant:

AH O py = iy 0 (A @ Ay) 0 cptts O O Ay = cp 1 © (AH @ AH) 0 Oy,

AHOMNH =1NH, EHOAH =EH.
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Cleft extensions for weak Hopf algebras

If H is a weak Hopf algebra in C, the antipode Ay is unique, antimultiplicative, antico-
multiplicative and leaves the unit and the counit invariant:

AH O py = iy 0 (A @ Ay) 0 cptts O O Ay = cp 1 © (AH @ AH) 0 Oy,

AHOMNH =1NH, EHOAH =EH.

If we define the morphisms Mk, (target), NF (source), by
M = ((en o pH) ® H) o (H® cp,m) © (51 0 1) @ H),
NE = (H® (en o pn)) o (ch,n @ H) o (H® (61 0 11)),

they are idempotent and we denote by H;, p; and i; the object and the morphisms such
that iy o pp = ﬂLH and pp o i = idy, .
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Cleft extensions for weak Hopf algebras

If H is a weak Hopf algebra in C, the antipode Ay is unique, antimultiplicative, antico-
multiplicative and leaves the unit and the counit invariant:

AH O py = iy 0 (A @ Ay) 0 cptts O O Ay = cp 1 © (AH @ AH) 0 Oy,

AHOMNH =1NH, EHOAH =EH.

If we define the morphisms Mk, (target), NF (source), by
M = ((en o pH) ® H) o (H® cp,m) © (51 0 1) @ H),
NE = (H® (en o pn)) o (ch,n @ H) o (H® (61 0 11)),

they are idempotent and we denote by H;, p; and i; the object and the morphisms such
that iy o pp = ﬂLH and pp o i = idy, .

=L =R
ﬂH = n;-.,coop, rIH = nf,coop J
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Cleft extensions for weak Hopf algebras

Definition.

A weak Hopf algebra H is cocommutative if 65 = cy y 0 dy.
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Cleft extensions for weak Hopf algebras

Definition.

A weak Hopf algebra H is cocommutative if 65 = cy y 0 dy.

Example.

Let G be a finite groupoid and R a commutative ring. Let Gg be the set of objects
and Gj the set of morphisms.
The groupoid algebra is the direct product

RG = @Ra

oc€Gy

with the product of two morphisms being equal to their composition if the latter is
defined and 0 in otherwise, i.e. o7 = o o7 if s(¢) = t(7) and o7 = 0 if s(o) # t(7).
The unit element is 1gg = erGo idx. RG is a cocommutative weak Hopf algebra,
with ]
Src(0) =0 ®0, erc(0)=1, Mrg(o)=0o""t.

The morphisms target and source are Mk (o) = idy(o), nk.(o) = ids(o)-
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Cleft extensions for weak Hopf algebras

Definition.

Let H be a weak Hopf algebra. We will say that a right H-comodule (A, pa) is a right
H-comodule algebra if it satisfies

paopa = (ua® pn)o (A® cHa® H) o (pa® pa)

and any of the following equivalent conditions hold:
(1) (A®NE) o pa=(ua®H)o (A® cu,a) o ((paona) @ A).

—R
(2) (A®MNy)opa=(ua®H)o (AR (paomna)).
(3) (A®NE) o paocna=paona.

—R
(4) (A®Ty)opaona=paona.
(5) (pa® H)opaona= (AR puy ® H)o (pa®dn)o (na®nw)-
(6) (pa® H)opaona=(A® (1Hocyn) ® H) o (pa® dn)o (na® nn)-
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Cleft extensions for weak Hopf algebras

If (A, pa) is a right H-comodule algebra, the triple (A, H, V) is a weak entwining struc-
ture where the entwining morphism is

W =(A® un)o(cha®H)o(HRpa): HRA— AQ H

Therefore the following identies hold:

(1) Vo(HRpa) = (pa®@H)o (AR W) o (W A),
(2) (ARdy)oV=(VRH)o(HRWV)o (jy® A),
(3) Wo(H®mna) = (ea ® H)odp,

(4) (A®en) oW =pao(ea® A),

where

ea=(AQey)oVo(H®na): H— A

Ramén Gonzélez Rodriguez Cleft extensions, integrals and crossed products in a weak setting



Cleft extensions for weak Hopf algebras

We denote by MZ(\U) the category of weak entwined modules, i.e., the objects M in
C together with two morphisms ¢y : M® A — A and py : M - M ® H such that
(M, pp) is a right A-module, (M, py) is a right H-comodule and such that the following
equality

pm o dm = (dy ® H) o (M @ W) o (pm ® A)
holds.
Then, if (A, pa) is a right H-comodule algebra, (A, a, pa) is an object of Mf"(\l!).
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Cleft extensions for weak Hopf algebras

If (A, pa) is a right H-comodule algebra, we define the subalgebra of coinvariants of A
as the equalizer:

i PA _
Ay — A . AQH
Ca
where
Ca=(na®H)o (A® ch,a) o ((paona) ® A).
Note that

Ca= (A Nk)opa

Ramén Gonzalez Ro: ez Cleft extensions, integrals and crossed products in a weak setting



Cleft extensions for weak Hopf algebras

If (A, pa) is a right H-comodule algebra, we define the subalgebra of coinvariants of A
as the equalizer:

i PA
Ay ——— A . A®H
Ca
where
Ca=(ra®H)o (A® cy,a)o ((paona) ®A).
Note that
Ca=(A®Nf)opa
Also
. PA
IA
Ay ——— A . AQH

=R
(A®My)opa

is an equalizer diagram.
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Cleft extensions for weak Hopf algebras

The triple
(An;may, BAL)

is an algebra, being 14, and pa,, the factorizations through the equalizer iy of the
morphisms 74 and pa o (ia ® ia), respectively.
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Cleft extensions for weak Hopf algebras

The triple
(An;may, BAL)

is an algebra, being 14, and pa,, the factorizations through the equalizer iy of the
morphisms 74 and pa o (ia ® ia), respectively.

v

For example, the weak Hopf algebra H is a right H-comodule algebra with right como-
dule structure giving by py = dy and subalgebra of coinvariants Hy, the image of the
idempotent morphism I'ILH, which we denoted by H; .
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Cleft extensions for weak Hopf algebras

Definition

Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. We define
an integral as a morphism of right H-comodules f : H — A. If moreover f o ny = na
we will say that the integral is total.

An integral f : H — A is convolution invertible if there exists a morphism f~1: H — A
(called the convolution inverse of f) such that

(1) f~IAFf = €A.

(2) FAFE=(A® (en o un)) o ((paona) ® H).
(3) FTAAFAFT=F"1
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Cleft extensions for weak Hopf algebras

Definition

Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. We define
an integral as a morphism of right H-comodules f : H — A. If moreover f ony = na
we will say that the integral is total.

An integral f : H — A is convolution invertible if there exists a morphism f~1: H — A
(called the convolution inverse of f) such that

(1) f~IAFf = €A.

(2) FAFE=(A® (en o un)) o ((paona) ® H).
(3) FTAAFAFT=F"1

Trivially, =1 is unique and by (1), if f is an integral convolution invertible, we get that
FAFTIAF=F.

Finally, when f is a total integral we can rewrite equality (1) as
fTAAf=rfonf

and (2) as
FAFL=Ffolly.
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Cleft extensions for weak Hopf algebras

Let H be a weak Hopf algebra such that ML = ﬁLH (equivalently, MR = ﬁZ) Then
the identity idy is a total integral convolution invertible with inverse Ay. Note that this
equality is always true in the Hopf algebra setting. In our case it holds, for example, if
H is a cocommutative weak Hopf algebra.
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Cleft extensions for weak Hopf algebras

Let H be a weak Hopf algebra such that ML = ﬁLH (equivalently, MR = ﬁZ) Then
the identity idy is a total integral convolution invertible with inverse Ay. Note that this
equality is always true in the Hopf algebra setting. In our case it holds, for example, if

H is a cocommutative weak Hopf algebra.
.

Let H be a weak Hopf algebra and (A, pa) a right H-comodule algebra. We say that
Ay — A is a H-cleft extension if there exists an integral f : H — A convolution
invertible and such that the morphism f A f~1 factorizes through the equalizer i4. In
what follows, the morphism f will be called a cleaving morphism associated to the
H-cleft extension Ay — A.
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Cleft extensions for weak Hopf algebras

Definition

Two H-cleft extensions Ay < A and By < B are equivalent
AH > A~ BH — B

if Ay = By and there is a morphism of right H-comodule algebras T : A — B such
that T oig = ig.
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Cleft extensions for weak Hopf algebras

Definition

Two H-cleft extensions Ay < A and By < B are equivalent
AH > A~ BH — B

if Ay = By and there is a morphism of right H-comodule algebras T : A — B such
that T oig = ig.

If Ay — A and By — B are equivalent, the morphism T is an isomorphism.
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Cleft extensions for weak Hopf algebras

Proposition

Let H be a weak Hopf algebra and (A, pa) a right H-comodule algebra such that
Ay < A is a H-cleft extension with cleaving morphism f. Then the equality

pAOf_l = (f_1®)‘H)OCH,H06H

holds.
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Cleft extensions for weak Hopf algebras

Let H be a weak Hopf algebra and (A, pa) a right H-comodule algebra such that
Ay < A is a H-cleft extension with cleaving morphism f. Then the equality

pAOf_l = (f_1®)‘H)OCH,H06H

holds.

Let H be a cocommutative weak Hopf algebra and let (A, pa) be a right H-comodule
algebra. If there exists a convolution invertible integral f : H — A, then Ay < A'is an
H-cleft extension.
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Cleft extensions for weak Hopf algebras

Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. In

o Alonso Alvarez J.N., Fernandez Vilaboa J.M., Gonzalez Rodriguez R., Rodriguez
Raposo A.B., Weak C-cleft extensions, weak entwining structures and weak Hopf
algebras. J. of Algebra, 284, 2005, 679-704.

we introduce the set Reg"VR(H, A) as the one whose elements are the morphisms
h:H—A

such that there exists a morphism h~—1 : H — A, called the left weak inverse of h, such
that
hlAh= ea

where e, is the morphism associated to the right-right weak entwining structure W
associated to (A, pa)-
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Cleft extensions for weak Hopf algebras

Definition

Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. We say
that Ay — A is a weak H-cleft extension if there exists a morphism h: H — A in
Reg"WR(H, A) of right H-comodules such that

Wo(H®h Y)ody=Caoh L.
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Cleft extensions for weak Hopf algebras

Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. We say

that Ay — A is a weak H-cleft extension if there exists a morphism h: H — A in
Reg"WR(H, A) of right H-comodules such that

Wo(H®h Y)ody=Caoh L.

<

Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. If there
exists h € Reg"WR(H, A) of right H-comodules such that e4 A h=! = h=1, the following
assertions are equivalent:

(i) The morphism h A h—1 factorizes through the equalizer iy and h—! satisfies
paof~t=(f"1®Ay)ocy pyodn.

(i) The equality
Wo(H®h Y ody=Caoht

holds.
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Cleft extensions for weak Hopf algebras

Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. If Ay — A
is an H-cleft extension then it is a weak H-cleft extension.
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Cleft extensions for weak Hopf algebras

Proposition

Let H be a weak Hopf algebra with invertible antipode. If Ay < A is an H-cleft
extension with cleaving morphism f, then h = ps o (f ® (f~1 ony))) is a total integral.
Moreover, if H is cocommutative h is convolution invertible.
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Cleft extensions for weak Hopf algebras

Let H be a weak Hopf algebra with invertible antipode. If Ay < A is an H-cleft
extension with cleaving morphism f, then h = ps o (f ® (f~1 ony))) is a total integral.
Moreover, if H is cocommutative h is convolution invertible.

As a consequence of the previous proposition, in the cocommutative setting we can
assume that the cleaving morphism is a total integral.
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Cleft extensions for weak Hopf algebras

Definition

Let H be a weak Hopf algebra. We will say that A is a weak left H-module algebra if
there exists a morphism ¢4 : H® A — A satisfying:

(1) pao(ny® A) = ida.

(2) pao(H®pa)=pao(pa®pa)o(HRcya®A)o(dh®AR A).

(3) wao(uH®na)=wao(H® (pao(H®na))).

and any of the following equivalent conditions hold:

(4) pao (ML ®A) = pao ((pao(H®na) ® A).

(5) pao (M ®A) = pao caao ((pao (H®na)® A).

(6) wao (ML ®na) = wao(H®na).

(7) pao (Tl ®na) = pao (H®na).

(8) wao(H® (pao(H®na))) = ((vao(H®na))® (eH o pn)) o (dn ® H).
(9) pao(H®(pao(H®NA))) = ((eHopn)®(vao(H®nA)))o(H® ch,u)o (on @ H).
If we replace (3) by

(3-1) pao(pH®A) =pao(H®pa)

we will say that (A, @a) is a left H-module algebra.
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Cleft extensions for weak Hopf algebras

Proposition

Let H be a cocommutative weak Hopf algebra. If Ay < A is an H-cleft extension with
cleaving morphism f, the pair (Ay, 4, ) is a weak left H-module algebra, being ¢a,,
the factorization of the morphism

pa=pao(A® (naccaa))o (((F®F 1) odn)®ia)

through the equalizer i4.
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Crossed systems for weak Hopf algebras

Crossed systems for weak Hopf algebras

© Crossed systems for weak Hopf algebras
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Crossed systems for weak Hopf algebras

Definition

Let H be a cocommutative weak Hopf algebra and (A, ¢a) be a weak left H-module
algebra.

By Regy,(Hi, A) we denote the set of morphisms g : H. — A such that there exists
a morphism g=1 : H, — A satisfying

1 =1l

=g 'ng=uw, ghgtAg=g, g Aghg =g

gNng

where ug = uy 0 ii where uy3 = a0 (H® na).
By Regy,(H,A), as the set of morphisms h : H — A such that there exists a
morphism h~! : H — A satisfying the following equalities:

(1) hAh ™t =h" A h=u,
(2) hAh™* Ah=h,

(3) m*AhAh Lt =h"1,
Note that

Ui = Ug o py.
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Crossed systems for weak Hopf algebras

For n > 1, we denote by H" the n-fold tensor power H® --- ® H. Reg,,(H", A) is
the set of morphisms o : H” — A such that there exists a morphism c=1 : H” — A

satisfying:

(1) ohnot=0"Ao=u,
(2) oAt Ao =0.

B) o7t AocAo =071

where up = pa0 (H® up—1).
w

ez Cleft extensions, integrals and crossed products in a weak setting
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Crossed systems for weak Hopf algebras

For n > 1, we denote by H" the n-fold tensor power H® --- ® H. Reg,,(H", A) is
the set of morphisms o : H” — A such that there exists a morphism c=1 : H” — A
satisfying:

(1) ohnot=0"Ao=u,
(2) oAt Ao =0.
B) o7t AocAo =071

where up = pa0 (H® up—1).

If we denote by HC the object Hy, un € Regy,(H", A) and Regy,(H", A) is a group with
neutral element uj, for all n > 0. Also, if A is commutative, we have that Regy,(H", A)
is an abelian group for all n > 0.
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Crossed systems for weak Hopf algebras

Definition

Let H be a cocommutative weak Hopf algebra, (A, ¢a) a weak left H-module algebra
and o € Reg,,(H?, A). We say that

(va,0)
is a crossed system for H over A if the following conditions hold:

(1) Twisted condition
pao(A®pa)o (0@ puy ® A)o (dngH ® A)
:uAO((gpAO(H®§0A))®A)O(H®H®CA’A)O(H®H®U®A)O(5H®H®A).

(2) Two cocycle condition
(Pac(H® o)) A(oo(H®un)) = (00 (H® (u o (HOMK)))) Ao o (1 ® H)).

(3) Normal condition

ogo(H®nu)=o0o(ny®H)=us.
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Crossed systems for weak Hopf algebras

Two crossed systems for H over A, (¢a,0) and (¢a,7) are said to be equivalent,
denoted by
(@A: U) = (¢A7 T):
if
wao(H®na) = dao(H®na)
and there exists h in Regy,(H, A) N Regy,(H, A) with hony = n4 and such that

oA =pao(ua®A)o(h®da®h 1) o 0y ® cya)o (6n ® A),

o =pa0(na®h 1) o(ua® 7T ® pp) o (h® ¢pa ® Sugh) o (6y ® h® H® H) 0 SpgH-
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Crossed systems for weak Hopf algebras

Two crossed systems for H over A, (¢a,0) and (¢a,7) are said to be equivalent,
denoted by

(pas o) = (¢a,7),
if
a0 (H®na) = ¢ao(H®na)
and there exists h in Regy,(H, A) N Regy,(H, A) with hony = n4 and such that

oA =pao(ua®A)o(h®da®h 1) o 0y ® cya)o (6n ® A),

0':HAO(MA®hil)O(HA®T®UH)O(’7®¢A®6H®H)O(5H®h®H®H)°5H®H~/

Proposition

Let H be a cocommutative weak Hopf algebra. Then = is an equivalence relation.

Ramén Gonzalez Rodriguez Cleft extensions, integrals and crossed products in a weak setting



Crossed systems for weak Hopf algebras

Proposition

Let H be a cocommutative weak Hopf algebra, (A, ¢a) a weak left H-module algebra
and o € RegWA(Hz7 A) satisfying the twisted condition. The following assertions are

equivalent:
(i) (A,pa) is a left H-module algebra.
(if) The morphism o factors through the center of A.
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Crossed systems for weak Hopf algebras

Let H be a cocommutative weak Hopf algebra, (A, ¢a) a weak left H-module algebra
and o € RegWA(Hz7 A) satisfying the twisted condition. The following assertions are
equivalent:

(i) (A,pa) is a left H-module algebra.
(if) The morphism o factors through the center of A.

v

Corollary

Let H be a cocommutative weak Hopf algebra and (A, pa) a weak left H-module
algebra. The following assertions are equivalent:

(i) (A, pa) is a left H-module algebra.

(i) (pa, u2) is a crossed system for H over A.
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Crossed systems for weak Hopf algebras

Let H be a weak Hopf algebra, (A, p4) a weak left H-module algebra and o : H2 5 A
a morphism. We define the morphisms

Y HQA S AQH, off: HOH — A® H,
by
P =(pa®H)o(HR®cna)o(bh®A): HRA— AQH

and
of=(@@uu)o(HRcyy®@H)o (b Ry): HOH - AR H

The morphism Vagy : AQ H - A® H defined by
Vagh = (1a® H) 0 (AQ Yf) o (A® H® 1)

is idempotent.
With A X H, iagn : AXH =+ A® H and pagH : AQ H — A X H we denote the
object, the injection and the projection associated to the factorization of VagH.
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Crossed systems for weak Hopf algebras

If o satisfies the twisted and the cocycle conditions the object A X H admits an
associative product defined by

HAX o H = PAQH © HA, H © (iApH ® iagH)

where
tag,H = (1a ® H) o (na ® of) o (A® 9y ® H).

Moreover, if the normal condition holds A x H is an algebra with unit

NAx o H = PARH © (1A ® NH)-
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Crossed systems for weak Hopf algebras

If o satisfies the twisted and the cocycle conditions the object A X H admits an
associative product defined by

HAX o H = PAQH © HA, H © (iApH ® iagH)

where
tag,H = (1a ® H) o (na ® of) o (A® 9y ® H).

Moreover, if the normal condition holds A x H is an algebra with unit

NAx o H = PARH © (1A ® NH)-

In what follows we denote this algebra by

Axqs H
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Proposition

Let H be a cocommutative weak Hopf algebra and (¢a,0) a crossed system for H
over A. Then, the algebra A X, H is a right H-comodule algebra for the coaction

PAxoH = (PagH ® H) o (A® K)o iagH-

Moreover, (A X, H)y = A.
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Crossed systems for weak Hopf algebras

Proposition

Let H be a cocommutative weak Hopf algebra and (¢a,0) a crossed system for H
over A. Then, the algebra A X, H is a right H-comodule algebra for the coaction

PAxoH = (PagH ® H) o (A® K)o iagH-

Moreover, (A X, H)y = A.

Proposition

Let H be a cocommutative weak Hopf algebra and (¢a,0) a crossed system for H
over A. Then A — A X, H is an H-cleft extension.
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Crossed systems for weak Hopf algebras

Proposition

Let H be a cocommutative weak Hopf algebra and (¢a,0) a crossed system for H
over A. Then, the algebra A X, H is a right H-comodule algebra for the coaction

PAxoH = (PagH ® H) o (A® K)o iagH-

Moreover, (A X, H)y = A.

Proposition

Let H be a cocommutative weak Hopf algebra and (¢a,0) a crossed system for H
over A. Then A — A X, H is an H-cleft extension.

Proposition

Let H be a cocommutative weak Hopf algebra and let A be an algebra. If (¢4, @) and
(¢4, B) are two equivalent crossed systems, so are the associated H-cleft extensions
A= AXqHand A— AxgH.

Ramén Gonzélez Rodriguez Cleft extensions, integrals and crossed products in a weak setting



Crossed systems for weak Hopf algebras

Proposition
Let H be a cocommutative weak Hopf algebra. If Ay <— A is an H-cleft extension
with cleaving morphism f, the morphism

oa=(nac(FRF)A(F oun): H> = A,

factors through the equalizer i4. Moreover, 04,,, the factorization of 04, is a morp-
hism in Regq,AH (H?, Ap) satisfying the normal condition with 0;3 the factorization
through the equalizer ig of the morphism

ot =(foun)A(paocano (f e f1)).
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Crossed systems for weak Hopf algebras

Let H be a cocommutative weak Hopf algebra. If Ay <— A is an H-cleft extension
with cleaving morphism f, the morphism

oa=(nac(FRF)A(F oun): H> = A,

factors through the equalizer i4. Moreover, 04,,, the factorization of 04, is a morp-
hism in Regq,AH (H?, Ap) satisfying the normal condition with 0;3 the factorization
through the equalizer ig of the morphism

ot =(foun)A(paocano (f e f1)).

Let H be a cocommutative weak Hopf algebra and let Ay < A be an H-cleft
extension with cleaving morphism f. Then, the pair (¢a,,,04,) is a crossed system
for H over Ay. Moreover, the H-cleft extensions Ay < A and Ay — Ay Xoa, H are

equivalent.
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Proposition

Let H be a cocommutative weak Hopf algebra and let (¢4, 0) be a crossed system for
H over A. Let A < A X, H be the associated H-cleft extension. Then, if (¢a,7) is
the crossed system associated to the H-cleft extension A < A X, H, we have that

(d)AvT) = (‘PA: U)'
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Crossed systems for weak Hopf algebras

Proposition

Let H be a cocommutative weak Hopf algebra and let (¢4, 0) be a crossed system for
H over A. Let A < A X, H be the associated H-cleft extension. Then, if (¢a,7) is
the crossed system associated to the H-cleft extension A < A X, H, we have that

(d)AvT) = (@A: U)'

| N

Proposition

Let H be a cocommutative weak Hopf algebra and let Ay < A be an H-cleft
extension with cleaving morphism f . Assume that g : H — A is other cleaving
morphism with associated crossed system (¢a,,,7a,). Then the crossed systems
(vay>74,) and (da,,Ta, ) are equivalent.
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Crossed systems for weak Hopf algebras

Let H be a cocommutative weak Hopf algebra and let (¢4, 0) be a crossed system for
H over A. Let A < A X, H be the associated H-cleft extension. Then, if (¢a,7) is
the crossed system associated to the H-cleft extension A < A X, H, we have that

(d)AvT) = (@A: U)'

v

Let H be a cocommutative weak Hopf algebra and let Ay < A be an H-cleft
extension with cleaving morphism f . Assume that g : H — A is other cleaving
morphism with associated crossed system (¢a,,,7a,). Then the crossed systems
(vay>74,) and (da,,Ta, ) are equivalent.

V.

Corollary

Let H be a cocommutative weak Hopf algebra and let Ay — A, Ay — B two
equivalent H-cleft extensions with cleaving morphisms f and g respectively. Then
the corresponding crossed systems (a,,,04,) and (¢a,,, T4, ) are equivalent.

A
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Crossed systems for weak Hopf algebras

Let H be a cocommutative weak Hopf algebra. Two H-cleft extensions Ay — A,
Ay — B are equivalent if and only if so are their respective associated crossed systems.
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Crossed systems for weak Hopf algebras

Let H be a cocommutative weak Hopf algebra. Two H-cleft extensions Ay — A,
Ay — B are equivalent if and only if so are their respective associated crossed systems.
v

Theorem

Let H be a cocommutative weak Hopf algebra and (A, pa) a right H-comodule
algebra. There exists a bijective correspondence between the equivalence classes of
H-cleft extensions Ay — B and the equivalence classes of crossed systems for H
over Ay.
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Crossed systems for weak Hopf algebras

Let H be a cocommutative weak Hopf algebra. Two H-cleft extensions Ay — A,
Ay < B are equivalent if and only if so are their respective associated crossed systems.
v

Theorem

Let H be a cocommutative weak Hopf algebra and (A, pa) a right H-comodule
algebra. There exists a bijective correspondence between the equivalence classes of
H-cleft extensions Ay — B and the equivalence classes of crossed systems for H

over Ay.
v

F: CS(H,An) — Cleft(Ay), G : Cleft(Ay) — CS(H, An)

F(l(pay>o0a,)]) = [An = A Xay,, H]

G([An = B]) = [(day> Tay)]-

A\
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Crossed systems and cohomology

© Crossed systems and cohomology
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Crossed systems and cohomology

o Alonso Alvarez J.N., Fernandez Vilaboa J.M., Gonzalez Rodriguez R.
Cohomology of algebras over weak Hopf algebras (2012). arXiv:1206.3850
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Crossed systems and cohomology

o Alonso Alvarez J.N., Fernandez Vilaboa J.M., Gonzalez Rodriguez R.
Cohomology of algebras over weak Hopf algebras (2012). arXiv:1206.3850

Let H be a cocommutative weak Hopf algebra. If (A, p4) is a left H-module algebra,
the groups Regy,(H", A), n > 0 are the objects of a semicosimplicial complex of groups
with coface operators defined by

80’,' : RegspA(HL,A) — RengA(H, A)7 i € {0,1}

90,0(g) = pao (H® (gopLoNf))ody, do1(g)=gops.
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Crossed systems and cohomology

o Alonso Alvarez J.N., Fernandez Vilaboa J.M., Gonzalez Rodriguez R.
Cohomology of algebras over weak Hopf algebras (2012). arXiv:1206.3850

Let H be a cocommutative weak Hopf algebra. If (A, p4) is a left H-module algebra,
the groups Regy,(H", A), n > 0 are the objects of a semicosimplicial complex of groups
with coface operators defined by

8o,i : Regp,(Hi, A) — Regy,(H, A), i€{0,1}

90,0(g) = pao (H® (gopLoNf))ody, do1(g)=gops.

d1,i : Regy,(H, A) — Regy,(H?, A), i€{0,1,2}

d1,0(h) = pao(H®h), d11(h)=hopuy, d12(h)=houyo(HeMNkL).

Ramén Gonzélez Rodriguez Cleft extensions, integrals and crossed products in a weak setting



Crossed systems and cohomology

Ok—1,i - Regps(H* 1, A) = Regou(H*, A), k>2, i€{0,1,--- Kk}

Ok—1,0(0) = pao (H® o),
Ok—1,i(0) = Ok-1,il0) =co(H @uy @ H==1), ie{l,--- k—1}

Ok—1,k(0) = o 0 (H*2 @ (up o (H® NE))),
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Crossed systems and cohomology

For this complex the codegeneracy operators are defined by
s1,0 : Regy,(H, A) — Regy,(Hi, A),

s1,0(h) = hoip,
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Crossed systems and cohomology

For this complex the codegeneracy operators are defined by
s1,0 : Regy,(H, A) — Regy,(Hi, A),

s1,0(h) = hoip,

52.i : Regp,(H?, A) — Regy,(H, A), i€ {0,1}
s20(0) =00 (my ®H), s21(0)=00(H®nu),
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Crossed systems and cohomology

5k+1,i : RengA(Hk+1,A) — REgsOA(HkvA)v k 2 27 i€ {01 17' o ’k}

skt1,0(0) = o 0 (nn @ HX),
sit1,i(0) = sipa,i(0) =oo (H @y @ H*7), ie{l,--- ,k—1}

skt1,k(0) = o o (HX @ nyy).
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Crossed systems and cohomology

Let
D¥, = Bo AL A AT
be the coboundary morphisms of the cochain complex
DO 1 DZ
Regpn(Hi, A) =3 Regp,(H, A) —4 Reg,,(H?, A) =4 ...
k—1 k+1

Dk
- 24 Reg,,(H*, A) =24 Reg,,(H*, A) 24 ...
associated to the cosimplicial complex Reg,,(H®, A).
Then, when (A, p4) is a commutative left H-module algebra, (Reg,, (H®, A), D3, ) gives
the Sweedler cohomology of H in (A, pa). Therefore, the kth group, will be defined by
Ker(DE ,)

Im(DE*

for k > 1 and Ker(DgA) for k = 0. We will denote it by HéA(H, A).
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Crossed systems and cohomology

Proposition

Let H be a cocommutative weak Hopf algebra and let Ay < A be an H-cleft extension.
We denote by (¢a,,,04,) the corresponding crossed system defined by the convolution
invertible total integral f : H — A. Then (Z(An), vz(a, )) is a left H-module algebra,
where 74, is the factorization through the morphism iz(4,,) of the morphism ¢4, o

(H®iz AH))
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Crossed systems and cohomology

Let H be a cocommutative weak Hopf algebra and let Ay < A be an H-cleft extension.
We denote by (pa,,04,) the corresponding crossed system defined by the cleaving
morphism f : H — A. Then there is a bijective correspondence between the second
cohomology group HiZ(AH)(H,Z(AH)) and the equivalence classes of crossed systems

for H over Ay having @p,, as weak H-module algebra structure.
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Crossed systems and cohomology

Let H be a cocommutative weak Hopf algebra and let Ay < A be an H-cleft extension.
We denote by (pa,,04,) the corresponding crossed system defined by the cleaving
morphism f : H — A. Then there is a bijective correspondence between the second
cohomology group Hf,z(AH)(H,Z(AH)) and the equivalence classes of crossed systems

for H over Ay having @p,, as weak H-module algebra structure.
v
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