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We present some explicit sufficient conditions for the global stability of the zero solution in
nonautonomous higher order difference equations. The linear case is discussed in detail. We illustrate our
main results with some examples. In particular, the stability properties of the equilibrium in a nonlinear
model in macroeconomics is addressed.
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1. Introduction

The stability analysis of higher order difference equations is of great importance in many
areas where discrete processes occur, especially in economics and population dynamics.
As it is well-known, the linear equation with real constant coefficients

apxy—r =0, n=0, (1.1)

N
Xn+1 = Xn +

k=0

is exponentially stable, if and only if all roots of its characteristic equation
N
)\N+1 _ /\N + Zak)\N*k =0
k=0

lie inside the unit circle D= {A € C:|A| < 1}. Although necessary and sufficient
conditions to ensure this fact can be obtained from the Schur criterion (see, e.g. [4,6,9]), as it
is noticed in [6], the stability conditions become increasingly complicated as the order of the
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equation increases, and as a result, their interpretation in the considered model is more and
more difficult. This discussion has motivated the investigation of explicit sufficient
conditions, which can be easily employed in the applications. In the literature, many results
can be found in this direction (see, e.g. [6,8,9] and references therein). Explicit necessary and
sufficient conditions were found only for very particular cases of equation (1.1) (see, e.g.
[3,12,13,18]). The situation is even more complicated when the considered model is
nonautonomous, and the corresponding linear equation has a more general form

P
Xugt ~ X+ Y a(xgun =0, n =0, (1.2)
k=0

where g(k,n) =nforall k=0,1,....,pand all n = 0.

Recently, some new approaches led to different stability results for linear and nonlinear
difference equations. We mention the use of weak contraction arguments [20—22], discrete
Halanay-type inequalities [14—16], monotonicity arguments [10,11,17], delay perturbation
methods [7] and Bohl-Perron type theorems [1,2].

In this paper, we further develop some ideas from [2,14,17] to obtain new explicit
conditions for the global stability of a nonlinear difference equation, which in particular,
allows us to generalize some previous stability results for the linear equations (1.1) and (1.2).
We notice that, for the particular case of equation (1.1), our conditions can be seen as new
explicit conditions to ensure that the moduli of all the roots of a given polynomial are less
than one.

We give some examples to illustrate the applicability of our results. Moreover, Section 4 is
devoted to show how the stability properties of the equilibrium in a nonlinear version of the
well-known Samuelson’s multiplier—accelerator model [6] are preserved for some values of
the involved parameters.

2. Halanay-type results

First of all, we establish a simple result, which can be obtained from [15]. However, due to
the simplicity of its proof, we include it here for the sake of completeness. We recall that the
zero solution of a difference equation

Xn+1 :f(nvxm .. '7xn—7)7 n= 07 (21)

is globally exponentially stable if there exist constants M > 0, A € [0, 1) such that, for every
solution {x,},=_r of equation (2.1), the inequality

lxal = MA" (_rrnggo{lxil }> 22)

holds for all n = 0. We say that the zero solution of equation (2.1) is globally asymptotically
stable, if it is stable and for every solution {x,} of the equation, we have lim,—x, = 0.

THEOREM 2.1  Assume that f : N x RTT! — R satisfies

|f(n7u0;"-7uT)| Sbnlax{l"t()lw";IuTl} (23)
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for some constant b < 1, and for all (n,ug, . ..,ur) € NX R Then

Ix,] = 6" T My, n=0

)

for every solution {x,} of equation (2.1), where My = max_r=<,=o{|x;|}. In particular, the
zero solution of equation (2.1) is globally exponentially stable (take A = b'/T+D < 1 in
equation (2.2)).

Proof. We first show that |x,| = bM, for all n = 1. Indeed, by (2.3),
Ixi] = 1£(0,x0,...,x-7)| = bM,.
Fix j > 1 and assume that |x,| = bM, is true for n = 1,2, ...,j. Thus,
Il = 1£G, x5, ... xp—p)| = bmax{lxl, ..., |xj—7|} = bmax{My,bMy} = bM,.

In particular, |x,| = bMy = b"/T+VM,, foralln=1,...,T + 1.
Assume now that |x,| = b7tV foralln =1,...,p(p = T + 1). Thus,

Ixp+1] = bmax{|x,|,..., |x,—7r|} = bM, max{p?/T+D  p@=D/T+Dy — G+ D/T+D g

An application of the induction principle completes the proof. (|

Remark 2.2 For the autonomous version of equation (2.1), i.e.
Xn+1 :f(xna .. '1xn7T); n= O; (24)

an analogous result to Theorem 2.1 was obtained by Sedaghat in [20, Corollary 2]. See also
Section 4.3 in the recent monograph [21] of the same author, where other related interesting
results and discussion on their significance in the stability theory of difference equations can
be found.

For further generalizations and applications of Theorem 2.1, see [14,16,17,22].

Let us consider equation (1.2) with bounded delays, i.e. we assume the existence of an
integer N > 0 such that n — N = g(k,n) = n, for all k =0,1,...,p and all n = 0. Notice
that the general form of a linear nonautonomous equation of an order not exceeding N is

N
X+l = Xp = —Zak(n)xnfk- (2.5)
k=0

A direct application of Theorem 2.1 shows that equation (2.5) is exponentially stable,
if ap(n) € (0,2) and

N
11— apm)| + ) laxm)l = b < 1,
k=1

for some constant » and sufficiently large n. (Compare with [5].)

However, Theorem 2.1 does not work directly to obtain exponential stability results for
equation (2.5) with ag(n) = 0. In particular, the case ag(n) = 0 has attracted much attention
(see some related references in [2]). To overcome this difficulty, we use some ideas from [2]
and [14]. Our main result in this section improves Theorem 6 in [2] and Theorem 2.4 in [14].



788 L. Berezansky et al.

For convenience in the presentation of our results, we consider the following nonlinear
difference equation:

N
Xprl — Xy = —Zak(n)xnfk 4+ f(n, Xp, ..y Xp—1)- (2.6)
k=0

(Without loss of generality, we can suppose that N = T.) We assume that there exist
constants b, = 0 such that

|f(l’l, Up, - -+ uT)l = bn max{ |u()|7 ARRY] |uT| }, (27)
for all n = 0 and (ug, . .., ur) € RTH!

THEOREM 2.3  Assume that, for large n, equation (2.7) holds and there exists a constant
v > 1 such that

Cp =

N
1 - Z ay(n)
k=0

Then the zero solution of equation (2.6) is globally exponentially stable. Moreover,
if inequalities (2.7) and (2.8) hold for n = 0, then

m=n—k k=0

N n—1 N
+> laml Y (b +> |ak<m)|> +bhy=vy.  (28)
k=0

Il = YN T D max{|xyl, ..., lx = T1}, n=N,

for every {x,} solution of equation (2.6).

Proof. In order to apply Theorem 2.1, for n = N, we rewrite equation (2.6) in the form
N
Xt = (1= agm)xy = > @Myt + (0, %, ., Xn—1)
k=1
N N
= (1 - Z ak(”)) Xp + Z ak(”)(-xn - xn—k) +f(n7xn7 .. '7xn—T)
k=0 k=1

N N n—1
= (1 - Zak(m)xn ) am) D Gt = X) 00,5, Xaor)
k=1

k=0 m=n—k
N N n—1 N

= (1 - Zakw)xn +Y am) > [—Zw(m)xmk + £ X, oy K1)
k=0 k=1 m=n—k k=0

+.f(n7xn7 M '7xn—T) = h(nvxny . ~;xn—l)7 l = N + T
Using inequalities (2.7) and (2.8), we have
|h(n, ug, . .., upl = ¢, max{luol, ..., lul} = ymax{lul,..., lul},

for large n and all (ug, ..., u;) € R'*!. The result follows from Theorem 2.1. O

Next, we establish a corollary for linear equations.
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Let/ C {1,2,...,N}beasetofindicesand J = {1,2,...,N}\ I. We can rewrite equation
(2.5) as

Xp+l — Xp = —ap(n)x, — Zak(n)-xnfk - Zak(n)xn*ka n=0. (29)

kel keJ

Thus, observing that

Zak (I’Z)Xn k

keJ

(Zlak(nﬂ)max{lxnl s P l},

keJ

we have the following consequence of Theorem 2.3:

COROLLARY 2.4 Assume there exist a set of indices I C {1,2,...,N} and a constant y < 1
such that, for large n,

1 - Zak(n)

keIl

+ > lax) Z Z lax(m)l + > laxm)| = , (2.10)

keIl m=n—k k= keJ

where Iy = {0} U I. Then equation (2.5) is exponentially stable.

Remark 2.5 Tt is easy to check that Theorem 6 in [2] can be obtained from Corollary 2.4.
As it was noticed there, we can get 2" explicit conditions for the exponential stability of
equation (2.5) by choosing different partitions (Z, J) of {1,2,...,N}.

Next, taking I = {k: a; > 0} C {1,2,...,N} and ap = 0 in equation (1.1), Corollary 2.4
gives the stability condition

N N N
> lald kaf <Y a,
k=1 k=1 k=1

for equation
N
Xpt1 —x,,—}—Zakxnfk:O, n=0. 2.11)
k=1

Here, a; = max{ay,0}. This is equivalent to Corollary 2.5 in [14].

For the nonlinear equation (2.1), Theorem 2.3 gives the following

COROLLARY 2.6 Assume that inequality (2.7) holds and

limsupb, =b <1, (2.12)

n—oo

then the zero solution of equation (2.1) is globally exponentially stable.

Remark 2.7 For the autonomous equation (2.4), the global asymptotic stability of the
equilibrium is ensured in [20] under the weaker assumption

| f(uo, ..., ur)] < max{luol, ..., lurl} (2.13)
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for all (ug, ... ,ur) € R\ {(0,...,0)}, instead of equation (2.3). Clearly, such a result does
not apply to the nonautonomous case. For example, equation

e*n*l

1_
Xpp1 = f(n,x,) = me n=0,1,...

satisfies | f(n, u)| < |u| for all u # 0. However, the solution starting at x, converges to
xo(1 — e~ 1), so that the zero solution is not asymptotically stable.

Our next result is a nonautonomous version of the mentioned weak contraction result of
Sedaghat. It ensures the global asymptotic stability of the equilibrium in some cases where
inequality (2.12) fails.

THEOREM 2.8  Assume that f : N X RT™" — R satisfies inequality (2.7) for some constants
b, = 1 and for all (n,ug, ...,ur) € NX R Let

B = max{bq+1)c, br+1)k+15 - - - Br+1p+1}- (2.14)
If {x,} is a solution of equation (2.1), then
k
lul = Mo] [ B:, (2.15)

i=0

for any integer n such that (T+ Dk+1=n=T+1)(k+1), where My=
max - r=i=o{ |xi|}.

Proof. Let us first prove that |x;| = BoMy, i = 1,2,...,T + 1. By inequality (2.7)

lxi] = 1£(0,x0,...,x-7)| = boMy = BoMo = M,,

ol = 1f(,xp, . x| = blfrTfE(qule = biMy = BoMo = M,.
Similarly, |x;| < b;— 1Mo < BoMy,i=1,2,...,T + 1, since the previous T + 1 elements
of the sequence do not exceed M.

Like in Theorem 2.1, let us prove inequality (2.15) by induction. As shown above,
inequality (2.15) is satisfied for k£ = 0. Further, let us assume

k
bl = Mo[ [ B, (T+Dk+1=n=T+Dk+1).
i=0

Then

XT+1k+D+1 = b Do nmax{ [xs el - - o e |}

k k
= b(T+1)(k+l)MOH B; = MOH B;.
i=0 i=0
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Similarly, for (T + )k + 1)+ 1 == (T + )k +2),

k
|)Cj| = bj_]MQH B;.
i=0

Thus
k k k1
il = bi- 1Mo | B = Bis:iMo | [ B: = Mo] | B,
i=0 i=0 i=0

for T+ 1)k+1)4+1=j=(T+ 1)(k+2). The reference to the induction principle
completes the proof. ]

COROLLARY 2.9  Assume that inequality (2.7) holds and lim Hf:oBi = 0, where B; were
defined in equation (2.14). Then the zero solution of equation (2.1) is globally asymptotically
stable.

Example 2.10 Let us consider the following nonautonomous linear equation

k(n) + 1"ZL n
Xt = o S @i, where k(n)= H I, (2.16)

i=0

[ =1 is a fixed positive integer, [y] is the greatest integer not exceeding y, and «;(n) = 0,
i=0,...,n—k(n), Z:’;é‘(")ai(n) = 1. Equation (2.16) can be written in the form (2.1) with
T=1—1,and

k() + 1" o
Sy ug, .. u—1) = o 12 ; ai(mu;, k(n) = Hl.

Thus inequality (2.7) holds with b, = (k(n) 4+ 1)/(k(n) 4 2), so that lim sup,—. b, = 1
and Corollary 2.6 does not apply. Next, B; = (li + 1)/(li + 2), and limkﬁme:OBi =0.
Hence, Corollary 2.9 ensures that equation (2.16) is asymptotically stable.

We notice that, in general, equation (2.16) is not exponentially stable. Indeed, take
&k = 1, @; = 0, i # n — k(n). Then equation (2.16) reads

_km+1

Nt = o 32 e KD = H L 2.17)

[
It is not difficult to check that, for an arbitrary xy € R, the solution of equation (2.17) is
given by

k
Xy = (HB,)M), forlk+1=n=(d+ Dk+1).
i=0
Since Hf:o B;=1/(k+2)=1/(n+2), it is clear that equation (2.17) cannot be
exponentially stable.
While Corollary 2.6 is given in terms of the coefficients b,, in equation (2.7), Corollary 2.9
requires the computation of the new coefficients By given in equation (2.14). Thus, a natural
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question arises: Does the conclusions of Corollary 2.9 remain valid if we replace B; by b;?
The answer to this question is negative, as the following example shows:

Example 2.11 Consider the following equation

34+ (="
an:#xn_], n=0,1,... (2.18)

It is clear that the zero solution of equation (2.18) is not asymptotically stable, since, for
every initial data (x_1,xp), we have xy+; = x—; for all kK = 0. Notice that inequality (2.7)
holds with b, = (3 + (—1)")/4 and hence,

k
lim[ [ 5; = lim27[&+tD/21 = ¢

k—o00 =0 k—o0

On the other hand, By = 1 for all kK = 0, and therefore lim;— Hf:o B;i=1%#0.

3. Monotonicity arguments

As it was noticed above, one of the interesting features of Theorem 2.3 is that it gives us the
possibility to choose the most appropriate set of indices for each particular linear difference
equation in order to ensure the exponential stability (see, e.g. [2, Example 3]). In this section,
we show that the results from [17,19], based on monotonicity arguments, provide another
way to obtain different stability conditions. We recall Theorem 1.4 in [17]

THEOREM 3.1 [17, Theorem 1.4] Suppose that there exist b > 0 and n € (0, 1) such that
equation (2.3) holds and

N
> afut=1-a, 3.1
k=1
N
b < Zak. (3.2)
k=0

Then, the zero solution of equation
N
Xp+1l — Xp = _Zakxn—k +f(naxm .. ~7xn—T) (33)
k=0

is globally exponentially stable.

Remark 3.2 A version of Theorem 3.1 valid to obtain the global asymptotic stability of
equation (2.6) (with variable coefficients in the linear part) can be found in [19]. (Notice that
for a linear equation with constant coefficients the asymptotic stability is equivalent to the
exponential stability).

Let us consider the linear equation with constant coefficients (1.1). Arguing as in Corollary
2.4, we have the following consequence of Theorem 3.1
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COROLLARY 3.3 Assume there exist a set of indices I C {1,2,...,N} and a constant
€ (0, 1) such that

pt Y aip ™ =1 - a, (3.4)

kEI

and

0< Z|ak| < Zak, (3.5)

keJ k€I

where J = {1,2,...,NI\ I and Iy = {0} U I. Then equation (1.1) is exponentially stable.

Remark 3.4 If 3, /lax]l = 0, that is, when I = {1,2,...,N}, the conclusion of Corollary
3.3 still holds if }c; ax > 0 and @; < 0 for some i € I.

Corollary 3.3 complements Corollary 10 in [2], providing a new set of stability conditions
for equation (1.1). We illustrate this fact by considering the equation with two delays
Xpyl — Xp = —QoXp, — A1Xp—p — A2Xp—g, (3.6)

with p > 0, ¢ > 0.
In order to simplify condition (3.1), we will use the following result, which follows easily
from Proposition 3 in [11].

PropoOSITION 3.5  Condition (3.1) holds for equation
Xp+1 — Xp = —A0Xn — ApXp—,
where k = 1 is an integer, if

-1 k+1 kX
— =a<1 and 0<a=(-a) k+ D

Using Proposition 3.5, and considering the different possibilities for the set I in Corollary
3.3, we have the following result.

COROLLARY 3.6 Assume that ay < 1 and at least one of the following conditions holds:

(a) lai| + laz| < ao;

(b) lail < ao+ax, qao = —1and 0 < a = (1 — ap)’'q%(qg+ )"+,
(c) lazl < ag+ar, pag = —1and 0 < a; = (1 — ag)’"'pP(p + 1)~ "*V;
(d) ao+ ay + a, > 0 and there exists . € (0, 1) such that

ptap?+aip T =1- a, (3.7)

with a; > 0 or a, > 0.

Then equation (3.6) is exponentially stable.
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Example 3.7  Consider equation (3.6) with ap = a1 = 1/2, i.e.
Xn = Xn—p
2

If a, > 0, Corollary 13 in [2] does not apply. However, an application of Corollary 3.6 (b)
gives the exponential stability for small enough a,, namely, for a, < g?%(2 +2¢) ¢!

— Gty (3.8)

Xn+1 =

Now, for the nonautonomous equation (2.6), we have the following result.

COROLLARY 3.8 Suppose there exist constants b, cq, cy,....cy and w € (0, 1), such that
inequality (2.3) holds and

N
p+Y cfn Tt =1-c, (3.9)
k=1
N N
lim supz ley — ax(n)| +b < ch. (3.10)
=00 k=0 k=0

Then, the zero solution of equation (2.6) is globally exponentially stable.

Proof. Without loss of generality we may assume

N N
Z|Ck —am)|+b < ch, n=0
k=0 k=0

(otherwise, we shift the initial point). Equation (2.6) can be rewritten as
N N

Xptl — Xp = _chxnfk + Z [Ck - ak(”)]xnfk +f(n7xm e -axn*T)~

k=0 k=0

Applying Theorem 3.1, with f and b replaced, respectively, by

N
gn,ug, .. our) = Y [cx — awmug + f(n, uo, ..., ur),
k=0

N
B= supz lex — ar(m)| + b,
n=03=0

completes the proof. O
Corollaries 3.3 and 3.8 imply the following result for the linear equation (2.5):

COROLLARY 3.9  Suppose there exist a set of indices I C {1,2,...,N}, constants c,...,cy,
and n € (0, 1), such that

Y anF=1-q, (3.11)
ker
N
limsupz lex — ap(n)| + Zlckl < ch, (3.12)
=0 =) kEJ kEI,

where J = {1,2,..,N}\ I, and I, = {0} U I
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Then the zero solution of equation (2.5) is globally exponentially stable

Let us apply this result to the equation with two delays and nonconstant coefficients
Xp+1 — Xp = —doXp — al(n)-xn—p - aZ(n)xn—q- (313)

Denote ¢; = (1/2)[sup,a;(n) + inf,a;(n)], d; = sup,lai(n) — ¢;l, i = 1,2.

COROLLARY 3.10  Assume that ay < 1 and at least one of the following conditions holds:

(a) leil + leal + |di| + ldal < ao;

(b) leil +ldi| +1dal < ag+ ¢z, gag = —1 and 0 < c; = (1 — ag)?'q%(g + 1)~@*";
(c) leal +1di| + |da]l < ag+ci,pag = —1and 0 < c; = (1 — ap)’ ' pP(p + 1)~ ¥+,
(d) |d,| + |d2] < ag + c1 + ¢, and there exists u € (0, 1) such that

=
=

pteip P+ i=1-a, (3.14)

with ¢; > 0 or co > 0.
Then equation (3.13) is exponentially stable.

Example 3.11 Consider the equation
1 1 .
Xl — X = Ex,, ~\3 + bycosn |x,—p — (a2 + by sinn)x,—,. (3.15)

Let us apply Corollary 3.10(b). Here ¢; = (1/2), c; = aa, d| = |b1|, d» = |b>|. Hence, if

q

bil+ bl <ap <——,
il + o] < 2 < Ty

then equation (3.15) is exponentially stable. This result also cannot be obtained by the
methods in [2,17].

4. An example in macroeconomics

In this section, we consider a generalization of the multiplier—accelerator model for the
national income determination proposed by Samuelson [6, section 5.1]. Assuming that the
autonomous investment is a constant G, the model is given by the second order difference
equation

Ynt1 = BU +K)yn + Bkya—1 = G, 4.1

where 8 € (0, 1) is the propensity to consume, and k is the acceleration coefficient.

For a general discussion, historical remarks, and recent results on model (4.1) and other
related multiplier—accelerator models, we refer the reader to [21, Section 5.1].

Equation (4.1) is a linear (nonhomogeneous) equation of the second order. It is well known
that the unique equilibrium y* = G/(1 — B) is asymptotically stable if and only if Bk < 1.



796 L. Berezansky et al.

In order to have a more realistic model, it is natural to assume that the investment depends
on the national income in the previous years. Thus, we have a nonlinear equation

Yur1 — B+ Ky, + Bkyn—1 = G(yn, yn—1)- 4.2)

We assume some hypotheses on function G defined in R* X R™. First, we suppose that
there exists a unique equilibrium y* of equation (4.2), which is the solution of the nonlinear
equation y* = G(y*,y*)/(1 — B). We will also assume that G is differentiable and

oG 0G
R = sup{‘a(x,y)‘ + ‘a(x,y)‘ x=0y= 0} < +o00.

For example, if G(x,y) = rIn(p 4+ A(x 4+ y)) for some constants » > 0, A > 0 and p > 1,
then we have R = 2rA/p.
The change of variables x,, = y, — y* transforms equation (4.2) into

Xn+1 — ,3(1 + k)xn + kan—] = F(xnvxn—l)a (43)

where F(x,y) = G (x + y*,y + y*) — G (y*, y*). Obviously, the exponential stability of the
equilibrium y* of equation (4.2) is equivalent to the exponential stability of the zero solution
for equation (4.3). Next, the mean value theorem gives the relation

|F(x,y)| = Rmax {|x|, |y},

whenever x + y* = 0, y 4+ y* = 0. Thus, we can apply our results to get sufficient conditions
to ensure that all solutions of equation (4.2) converge exponentially to the positive
equilibrium. We have the following consequence of Theorems 2.1 and 3.1:

PROPOSITION 4.1 Under the assumptions made for function G, the equilibrium y* of
equation (4.2) is exponentially stable if at least one of the following conditions holds:

ADO=R<1-Qk+1B, B<1/Qk+1).
(A2)0=R<1-B and B=4k/(1+ k).

Proof. Assume that (Al) holds. Equation (4.3) can be written in the form (2.1) with
f(n,ug,uy) = B(1 + k)ug — Bkuy + F(uo,u;). Thus, condition (2.3) is fulfilled with b =
2k+ 1)B+ R < 1. The result follows from Theorem 2.1. Next, assume that (A2) is
satisfied. In this case, we write equation (4.3) as equation (3.3) with ap = 1 — B(1 + k),
a; = Bk and f(n,ug,u;) = F(up,u;). By Proposition 3.5, condition (3.1) holds for some
w€ O, 1)if0<1—ay=2and (1 —ay)? =4a,,ie. for 1 >p= 4k/(1 + k)*. Finally,
condition (3.2) holds for R <ap+a; =1 — B, and therefore the result follows from
Theorem 3.1. [

Hence, we can conclude that the equilibrium is globally exponentially stable for
sufficiently small R in the region of the plane of parameters (k,[3) defined by the relations
1>pB=4k/(1+k*and0 < B < 1/(2k+ 1) < 1. In figure 1, we represent such a region.
The dashed line delimits the corresponding region for which the linear model (4.1) is
exponentially stable.
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Figure 1. Domains of global exponential stability for equations (4.1) and (4.2) in coordinates (k,(3).

Remark 4.2 Proposition 4.1 shows that the theoretical methods presented in Sections 2 and
3 are complementary. Indeed, the stability region for the nonlinear model (4.2) consists of
two parts; for small 3, the Halanay-type result Theorem 2.1 ensures the global stability for
small R, whereas for 3 close to 1, such a result does not apply and Theorem 3.1, based on
monotonicity arguments, is needed.
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