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3FDPNNFOEFE CZ %S +POBUIBO 5PVCPVM

"CTUSBDU
*O UIF ����T BGUFS B TFSJFT PG FYQFSJNFOUT UIF CFIBWJPVSBM QTZDIPMPHJTU BOE
FDPOPNJTU %BOJFM ,BIOFNBO BOE IJT DPMMFBHVFT GPSNVMBUFE UIF GPMMPXJOH
QFBL�FOE FWBMVBUJPO SVMF� UIF SFNFNCFSFE VUJMJUZ PG QMFBTBOU PS VOQMFBTBOU
FQJTPEFT JT BDDVSBUFMZ QSFEJDUFE CZ BWFSBHJOH UIF QFBL 	NPTU JOUFOTF WBMVF
 PG
JOTUBOU VUJMJUZ 	PS EJTVUJMJUZ
 SFDPSEFE EVSJOH BO FQJTPEF BOE UIF JOTUBOU VUJMJUZ
SFDPSEFE OFBS UIF FOE PG UIF FYQFSJFODF 	,BIOFNBO FU BM ���� 2� +� &DPO� ���
���m���
� #BTFE PO UIJT SVMF XF QSPQPTF B NBUIFNBUJDBM NPEFM GPS UIF UJNF
FWPMVUJPO PG UIF FYQFSJFODFE VUJMJUZ GVODUJPO V= V(U) HJWFO CZ UIF TDBMBS EJG�
GFSFOUJBM FRVBUJPO V ′(U) = BV(U)+ CNBY{V(T) : T ∈ [U− I, U]}+ G(U) (∗), XIFSF
G SFQSFTFOUT FYPHFOPVT TUJNVMJ I JT UIF NBYJNBM EVSBUJPO PG UIF FYQFSJFODF
BOE B,C ∈ R BSF TPNF BWFSBHJOH XFJHIUT� *O UIJT XPSL XF TUVEZ FRVBUJPO (∗)
BOE TIPX UIBU GPS B SBOHF PG QBSBNFUFST B,C,I BOE B QFSJPEJD TJOF�MJLF UFSN
G UIF EZOBNJDT PG (∗) DBO CF DPNQMFUFMZ EFTDSJCFE JO UFSNT PG BO BTTPDJBUFE
POF�EJNFOTJPOBM EZOBNJDBM TZTUFN HFOFSBUFE CZ B QJFDF�XJTF DPOUJOVPVT NBQ

∗
5P UIF NFNPSZ PG "OBUPMZ 4BNPJMFOLP 	����m����
�

∗∗
"VUIPS UP XIPN BOZ DPSSFTQPOEFODF TIPVME CF BEESFTTFE�
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GSPN B àOJUF JOUFSWBM JOUP JUTFMG� 8F JMMVTUSBUF PVS BQQSPBDI XJUI UXP SFQSFT�
FOUBUJWF FYBNQMFT� *O QBSUJDVMBS XF TIPX UIBU UIF VUJMJUZ V	U
 	F�H� AIBQQJOFTT�
JOUFSQSFUFE BT IFEPOJD VUJMJUZ
 DBO FYIJCJU DIBPUJD CFIBWJPVS�

,FZXPSET� QFBL�FOE SVMF EJGGFSFOUJBM FRVBUJPOT XJUI NBYJNB SFUVSO NBQ
UVSCVMFOU 	DIBPUJD
 CFIBWJPVS
.BUIFNBUJDT 4VCKFDU $MBTTJàDBUJPO OVNCFST� ��,�� ��,�� ��&�� ��&��

	4PNF àHVSFT NBZ BQQFBS JO DPMPVS POMZ JO UIF POMJOF KPVSOBM


�� *OUSPEVDUJPO

6UJMJUZ UIFPSZ QMBZT B LFZ SPMF JO EFDJTJPO NBLJOH XIJDI JOáVFODFE JNQPSUBOU àFMET PG TUVEZ
JODMVEJOH CFIBWJPVSBM FDPOPNJDT DPOTVNFS QTZDIPMPHZ XFMM�CFJOH TUVEJFT BOE QPMJUJDBM TDJ�
FODF BNPOH PUIFST <��>� "MUIPVHI JO FDPOPNJDT BOE NPEFSO EFDJTJPO UIFPSZ VUJMJUZ JT VOEFS�
TUPPE BT VUJMJUZ PG PVUDPNFT BOE SFGFST UP UIFJS XFJHIU JO EFDJTJPOT UIF PSJHJOBM #FOUIBN�T
DPODFQU PG VUJMJUZ <�> JT IFEPOJD RVBMJUZ BOE BJNT BU NFBTVSJOH UIF WBMVF PG QMFBTVSF PS QBJO�
5IJT MBUUFS JOUFSQSFUBUJPO JT SFGFSSFE UP BT FYQFSJFODFE VUJMJUZ 	PS IFEPOJD VUJMJUZ
 CZ ,BIOFNBO
FU BM JO <��> BO JOáVFOUJBM QBQFS JO XIJDI UIF BVUIPST QSPWJEF TPNF LFZ JEFBT UP NFBTVSF
FYQFSJFODFE VUJMJUZ XIJDI JO UVSO DBO CF JOUFSQSFUFE BT BO BTTFTTNFOU PG B QFSTPO�T PCKFDUJWF
IBQQJOFTT <��>�

'SFESJDLTPO BOE ,BIOFNBO JOUSPEVDFE JO <��> B NPNFOU�CBTFE BQQSPBDI UP NBLF SFUSP�
TQFDUJWF FWBMVBUJPOT PG BGGFDUJWF FQJTPEFT 	BO FQJTPEF JT IFSF VOEFSTUPPE BT B DPOOFDUFE UJNF
JOUFSWBM
� TFF BMTP <�� DIBQUFS ��>� 5IJT BQQSPBDI BTTVNFT UIBU FWBMVBUJPOT PG FYQFSJFODFE
VUJMJUZ SFRVJSF UXP UZQFT PG VUJMJUZ DPODFQUT� JOTUBOU VUJMJUZ BOE SFNFNCFSFE VUJMJUZ� *OTUBOU VUJM�
JUZ SFGFST UP UIF TJHO BOE JOUFOTJUZ PG B IFEPOJD FYQFSJFODF BU B HJWFO NPNFOU UJNF XIJDI
DBO CF DIBSBDUFSJ[FE CZ B WBMVF PO B HPPE�CBE EJNFOTJPO� &WFO JG QMFBTVSF BOE QBJOT BSF
BUUSJCVUFT PG B NPNFOU FYQFSJFODF UIF PVUDPNFT UIBU QFPQMF WBMVF FYUFOE PWFS UJNF� 5IVT
FWBMVBUJPO PG FYQFSJFODFE VUJMJUZ NVTU JODMVEF FWBMVBUJPO PG QBTU FQJTPEFT XIJDI MFBET UP UIF
DPODFQU PG SFNFNCFSFE VUJMJUZ� 5IF NPEFM PG FWBMVBUJPO CZ NPNFOUT 	PS TOBQTIPUNPEFM
 <��>
JT CBTFE PO UIF QSJODJQMF UIBU QFPQMF FWBMVBUF UIF VUJMJUZ PG BO FQJTPEF CZ SFUSJFWJOH B SFQSFT�
FOUBUJWF NPNFOU BOE CZ FWBMVBUJOH UIF VUJMJUZ PG UIBU NPNFOU� 5IF QFBL�FOE SVMF FTUBCMJTIFT
UIBU UXP NPNFOUT DBO EFUFSNJOF UIF HMPCBM FWBMVBUJPO PG BO FOUJSF FQJTPEF� UIF NPNFOU PG
NPTU FYUSFNF BGGFDU FYQFSJFODFE EVSJOH UIF FQJTPEF 	QFBL
 BOE UIF BGGFDU FYQFSJFODFE BU UIF
FOE� 'PS GVSUIFS SFBEJOH XF SFGFS UP UIF OJDF SFWJFXT CZ 'SFESJDLTPO <��> BOE ,BIOFNBO BOE
5WFSTLZ <�� DIBQUFST �� BOE ��>� *O QBSUJDVMBS UIFZ JODMVEF TPNF EJTDVTTJPOT PO FNQJSJDBM
FWJEFODF SPCVTUOFTT BOE BQQMJDBUJPOT PG UIF QFBL�FOE SVMF�

5IF BGPSFNFOUJPOFE TFNJOBM QBQFS <��> BMTP QSPQPTFE B DPNQMFY SFTFBSDI BHFOEB GPS UIF
UIFPSFUJDBM BOE FNQJSJDBM TUVEJFT PG FYQFSJFODFE VUJMJUZ� 5IF àSTU QBSU PG UIJT BHFOEB DPODFSOT
SFMBUJPOT CFUXFFO TUSFBN PG PVUDPNFT BOE JOTUBOU VUJMJUZ POF PG UIF SFMBUFE RVFTUJPOT CFJOH
A8IBU BSF UIF EZOBNJDT PG FYQFSJFODFE VUJMJUZ � /PUF UIBU B DPOUJOVPVT VUJMJUZ QSPàMF DBO CF
DPOTUSVDUFE GSPN UIF NPNFOUBSZ HPPE�CBE SBUJOHT BTTJHOJOH UP FBDI NPNFOU U UIF TDBMBS WBMVF
PG JUT JOTUBOU VUJMJUZ V	U
� 5IVT UIF EFTJHO PG B TVJUBCMF EZOBNJD NPEFM GPS UIF UJNF FWPMVUJPO PG
V	U
 JT PG DMFBS BQQMJFE JOUFSFTU� #Z <�� Q ���> AUIF TZTUFN UIBU GPSNT BOE TUPSFT FWBMVBUJPOT
PG TJUVBUJPOT JT OPU EFTJHOFE UP PQUJNJ[F FYQFSJFODFE VUJMJUZ� B LFZ PCTFSWBUJPO JOEJDBUJOH UIBU
FWFSZ BQQSPQSJBUF FWPMVUJPO NPEFM TIPVME IBWF SFMBUJWFMZ DPNQMFY EZOBNJDT� 'PS JOTUBODF JU
DBOOPU CF HJWFO CZ B TDBMBS BVUPOPNPVT PSEJOBSZ EJGGFSFOUJBM FRVBUJPO� )BWJOH JO NJOE UIBU
EFDJTJPOT BCPVU UIF GVUVSF BSF NBEF CBTFE PO QSFTFOU BOE QBTU BGGFDUJWF FYQFSJFODF UIF BCPWF
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DPNNFOUT UPHFUIFS TVHHFTU UIBU UIF HFOFSBM FWPMVUJPO NPEFM MFBEJOH UP BO BEFRVBUF EZOBNJD
SFBMJ[BUJPO PG UIF QFBL�FOE SVMF JT HJWFO CZ UIF EJGGFSFOUJBM FRVBUJPO XJUI NBYJNB

V ′(U) = '
(
U,V(U), NBY

T∈[U−I,U]
V(T)

)
, 	�


XIFSF ' : [�,∞)×R� → R JT B DPOUJOVPVT NBQ BOE UIF EFMBZ I JT DIPTFO TP BT JU DBQUVSFT
B UFNQPSBM FQJTPEF PG TVJUBCMF MFOHUI� 0OF DPOTFRVFODF PG UIF QFBL�FOE SVMF JT UIBU UIF EVS�
BUJPO PG BGGFDUJWF FQJTPEFT JT MBSHFMZ OFHMFDUFE 	EVSBUJPO OFHMFDU QSJODJQMF
 <��>� 5IJT BMMPXT
VT GPS DFSUBJO áFYJCJMJUZ BOE JO QBSUJDVMBS XF DBO XPSL XJUI B DPOTUBOU EFMBZ I� &RVBUJPO 	�

JT HFOFSBMMZ OPOBVUPOPNPVT BOE UIF EFQFOEFODF PO U VTVBMMZ DPNFT JO UIF GPSN PG FYUFSOBM
TUJNVMJ�

5IF TJNQMFTU DIPJDF PG 	�
 XPVME CF UIF MJOFBS BVUPOPNPVT NBQ '(U,Y,Z) = BY+ CZ XJUI
DPOTUBOU SFBM DPFGàDJFOUT B,C MFBEJOH UP FRVBUJPO

V ′(U) = BV(U)+ C NBY
T∈[U−I,U]

V(T). 	�


5IF DPOTJEFSBUJPO PG DPOTUBOU FYUFSOBM TUJNVMJ JO 	�
 ZJFMET

V ′(U) = BV(U)+ C NBY
T∈[U−I,U]

V(T)+ D, 	�


XJUI D ∈ R XIJDI DBO CF SFEVDFE UP 	�
 CZ B TJNQMF DIBOHF PG WBSJBCMFT� 4PNF JNQMJDBUJPOT
PG FRVBUJPO 	�
 JO UIF DPOUFYU PG VUJMJUZ UIFPSZ IBWF CFFO EJTDVTTFE JO <��>�

)PXFWFS JU JT NPSF SFBMJTUJD UP BTTVNF UIBU FYPHFOPVT TUJNVMJ BSF OPU DPOTUBOU JO UJNF�
"T B àSTU BQQSPYJNBUJPO GPS UIFJS NPEF PG WBSJBUJPO IBWJOH JO NJOE QFSJPEJD SFQFUJUJPO PG BO
FTUBCMJTIFE EBJMZ PS XFFLMZ SPVUJOF JO B QFSTPO�T MJGF JU JT RVJUF OBUVSBM UP DPOTJEFS B DIPJDF PG
FRVBUJPO 	�
 XJUI UIF SJHIU�IBOE TJEF EFQFOEJOH QFSJPEJDBMMZ PO UIF UJNF WBSJBCMF U� "DDPSE�
JOHMZ UIF TJNQMFTU NBUIFNBUJDBM NPEFM GPS UJNF FWPMVUJPO PG UIF FYQFSJFODFE VUJMJUZ GVODUJPO
V= V(U) DBO CF HJWFO CZ UIF TDBMBS EJGGFSFOUJBM FRVBUJPO

V ′(U) = BV(U)+ C NBY
T∈[U−I,U]

V(T)+ G(U), 	�


XIFSF G SFQSFTFOUT UIF BDUJPO PG QFSJPEJDBMMZ DIBOHJOH FYPHFOPVT TUJNVMJ I� � JT UIF NBYJNBM
EVSBUJPO PG UIF FYQFSJFODF BOE B,C BSF TPNF SFBM DPFGàDJFOUT� 5IF EFUFSNJOBUJPO PG RVBMJUBU�
JWFMZ QMBVTJCMF QTZDIPMPHJDBM QBSBNFUFST G,B,C TFFNT UP CF B SBUIFS EJGàDVMU UBTL XIJDI XF EP
OPU BEESFTT IFSF� 'PS TJNQMJDJUZ XF TUBSU DPOTJEFSJOH UIF DBTF XIFO UIF 5�QFSJPEJD DPOUJOVPVT
GVODUJPO G IBT TJOF�MJLF TIBQF 	TFF EFàOJUJPO � CFMPX
 BTTVNJOH UIBU UIF SBUF PG DIBOHF PG UIF
VUJMJUZ V	U
 JT BGGFDUFE CZ MJOFBS EFDBZ 	XJUI DPFGàDJFOU α � �
 BOE JT QSPQPSUJPOBM 	XJUI DPFGà�
DJFOU β � �
 UP UIF EJGGFSFODF CFUXFFO JUT JOTUBOU WBMVF BOE JUT QFBL PO UIF QSFDFEFOU àYFE UJNF
JOUFSWBM�

V ′(U) =−αV(U)+β(V(U)− NBY
T∈[U−I,U]

V(T))+ G(U). 	�


5IF àSTU UXP UFSNT JO UIF SJHIU�IBOE TJEF PG 	�
 QSPWJEF B GFFECBDL MPPQ XIJDI JT JO BDDPSEBODF
XJUI UIF DPODFQU PG IFEPOJD BEBQUBUJPO� *OEFFE UIF àSTU UFSN KVTU SFQSFTFOUT B MJOFBS EFDBZ PG
IBQQJOFTT 	TFF F�H� <��>
� UIF TFDPOE POF DPNFT GSPN B DPNQBSJTPO XJUI B SFDFOU QFBL� 5IVT
PVS NPEFM BHSFFT XJUI UIF QSJODJQMFT PG #SJDLNBO FU BM <�> XIJDI FTUBCMJTI UIBU BEBQUBUJPO
MFWFM UIFPSZ PGGFST UXP HFOFSBM NFDIBOJTNT UP FYQMBJO UIF EFDBZ PG IBQQJOFTT BGUFS B TBMJFOU
FYQFSJFODF� IBCJUVBUJPO BOE DPOUSBTU�

4JNJMBS FWPMVUJPOBSZ SVMFT XJUI UIF UFSN V(U− I) JOTUFBE PGNBY{V(T) : T ∈ [U− I, U]} DBO CF
GPVOE JO PUIFS SFMBUFE NPEFMT� TFF GPS JOTUBODF UIF DFMFCSBUFE ,BMFDLJ EJGGFSFODF�EJGGFSFOUJBM
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FRVBUJPO EFTDSJCJOH B NBDSPFDPOPNJD NPEFM PG CVTJOFTT DZDMFT <�� �� ��> PS UIF NBUIFNBU�
JDBM NPEFM PG FNPUJPOBM CBMBODF EZOBNJDT QSPQPTFE JO <��>� 5IF XPSLT <� �� ��> TIPX IPX
UIF QTZDIPMPHZ PG BHFOUT USBEJOH UIF GPSFJHO DVSSFODZ HFOFSBUFT B TJNJMBS EZOBNJDBM NFDIBO�
JTN FYQSFTTFE CZ UIF FRVBUJPO

V′(U) =−C|V(U)|V(U)+ B(V(U)− V(U− �)), B,C> �.

$PNQBSJOH 	�
 BOE 	�
 XF PCUBJO UIBU B= β−α, C=−β� *O UIJT XBZ UIF TJUVBUJPO XIFO
C< � BOE B+ C< � NBZ BQQFBS BT NPSF BQQFBMJOH GSPN UIF BQQMJFE QPJOU PG WJFX BOE BT XF
NBOJGFTU JO UIF QSFTFOU QBQFS JU JT DFSUBJOMZ NPSF JOUFSFTUJOH CZ JUT NBUIFNBUJDBM JNQMJDBUJPOT�
*O QBSUJDVMBS XF XJMM TIPX UIBU GPS B SBOHF PG QBSBNFUFST B,C,I BOE B QFSJPEJD UFSN G UIF
EZOBNJDT PG 	�
 DBO FYIJCJU DIBPUJD CFIBWJPVS� 4JODF AIBQQJOFTT� <��> JT POF PG UIF QPTTJCMF
JOUFSQSFUBUJPOT PG UIF FYQFSJFODFE VUJMJUZ BOE GSPN PXO JOEJWJEVBM FYQFSJFODF <��> FWFSZPOF
LOPXT UIBU IBQQJOFTT DBO CF VOQSFEJDUBCMF XF UIVT PCUBJO BO BEEJUJPOBM UIFPSFUJDBM FWJEFODF
JO GBWPVS PG UIF BOBMZTJT CBTFE PO UIF AQFBL�FOE� SVMF� "DDPSEJOHMZ PVS QIFOPNFOPMPHJDBM
NPEFM 	�
 DPVME CF DPOTJEFSFE BT BOPUIFS BUUFNQU UP VTF NBUIFNBUJDT UP VOEFSTUBOE UIF CFIB�
WJPVS PG IBQQJOFTT B UPQJD UIBU HPFT CBDL BU MFBTU UP &EHFXPSUI�T DBMDVMVT PG QMFBTVSF PS AIFEP�
OJNFUSZ� <�>�

" TJEF FGGFDU PG PVS TUVEJFT JT UIF FMBCPSBUJPO PG B TBUJTGBDUPSZ NBUIFNBUJDBM GSBNFXPSL
UP EFBM XJUI UIF RVBTJMJOFBS GVODUJPOBM EJGGFSFOUJBM FRVBUJPO 	�
� "T GBS BT XF LOPX UIF àSTU
BSUJDMF EFEJDBUFE UP FRVBUJPOT XJUI NBYJNB BQQFBSFE JO ���� <��>� *O IJT TVSWFZ PO UIF UIF�
PSZ PG GVODUJPOBM EJGGFSFOUJBM FRVBUJPOT .ZTILJT <�� TFDUJPO ��> IJHIMJHIUFE TZTUFNT XJUI
NBYJNB BT EJGGFSFOUJBM FRVBUJPOT XJUI EFWJBUJOH BSHVNFOU PG DPNQMFY TUSVDUVSF� )F BMTP OPUFE
UIBU AUIF TQFDJàD DIBSBDUFS PG UIFTF FRVBUJPOT JT OPU TVGàDJFOUMZ DMFBS ZFU� <�� Q ���>� -FU
$[−I,�] CF UIF TFU PG DPOUJOVPVT GVODUJPOT GSPN [−I,�] UP R� &RVBUJPO 	�
 DBO CF XSJU�
UFO JO UIF GPSN V ′(U) = '(U,VU) XIFSF VU(T) = V(U+ T) GPS BMM T ∈ [−I,�] BOE UIF GVODUJPOBM
' : R×$[−I,�]→ R EFàOFE CZ '(U,φ) = Bφ(�)+ CNBY{φ(T) : T ∈ [−I,�]}+ G(U) JT HMPC�
BMMZ -JQTIJU[JBO JO φ XIJDI HVBSBOUFFT UIF FYJTUFODF VOJRVFOFTT HMPCBM DPOUJOVBUJPO BOE
DPOUJOVPVT EFQFOEFODF PO JOJUJBM EBUB PG UIF TPMVUJPOT UP 	�
� )PXFWFS UIJT GVODUJPOBM JT
OPU EJGGFSFOUJBCMF JO φ� #Z VTJOH B SFQSFTFOUBUJPO NBY{φ(T),T ∈ [−I,�]}= φ(−τ(φ)) XJUI
TPNF τ(φ) ∈ [�,I] XF TFF UIBU 	�
 DBO CF DPOTJEFSFE BT B GVODUJPOBM EJGGFSFOUJBM FRVBUJPO XJUI
TUBUF�EFQFOEFOU EFMBZ� *OEFQFOEFOUMZ PG UIF DIPJDF PG UIF WBMVF τ(φ) ∈ [�,I] GPS B HJWFO φ ∈
$[−I,�] UIF GVODUJPO τ : $[−I,�]→ [�,I] JT DMFBSMZ EJTDPOUJOVPVT BU FBDI DPOTUBOU FMFNFOU�

8F XJMM DBMM 	�
 UIF .BHPNFEPW FRVBUJPO IPOPVSJOH UIF NBUIFNBUJDJBO XIP JOUSPEVDFE
UIJT NPEFM JO UIF MBUF ��T BOE TJODF UIFO IBT BOBMZTFE TFWFSBM QBSUJDVMBS DBTFT PG JU XJUI QFSJPEJD
GPSDJOH UFSN G 	U
 <� � �� �� ��>� 0O QBHFT �m� PG IJT NPOPHSBQI <��> .BHPNFEPW FYQMBJOT
IPX UIF QFSJPEJD FRVBUJPO 	�
 DBO CF VTFE GPS NPEFMMJOH BVUPNBUJD DPOUSPM PG WPMUBHF JO B
HFOFSBUPS PG DPOTUBOU DVSSFOU�

#FTJEFT UIF BCPWF NFOUJPOFE BQQMJDBUJPOT UIF QFSJPEJD FRVBUJPO 	�
 QMBZT BO JNQPSUBOU SPMF
JO UIF TUBCJMJUZ UIFPSZ GPS UIF GVODUJPOBM EJGGFSFOUJBM FRVBUJPO

V′(U) = BV(U)+ CG(U,VU),

XIFSF B,C< � BOE UIF DPOUJOVPVT GVODUJPOBM G : R×$[−I,�]→ R TBUJTàFT FJUIFS UIF GPMMPX�
JOH 	TVCMJOFBS
 :PSLF DPOEJUJPO <��>

− NBY
T∈[−I,�]

(−φ(T))! G(U,φ)! NBY
T∈[−I,�]

φ(T), U" �, φ ∈ $[−I,�],

PS JUT OPOMJOFBS WFSTJPO JOUSPEVDFE JO <��>� *O UIJT DPOUFYU NPEFM 	�
 XBT VTFE BT B LFZ UFTU
FRVBUJPO XIPTF BOBMZTJT EFUFSNJOFT UIF PQUJNBM TUBCJMJUZ SFHJPOT GPS FRVBUJPOT TBUJTGZJOH POF
PG UIF BGPSFNFOUJPOFE :PSLF DPOEJUJPOT� 'PS JOTUBODF JO UIF TJNQMFTU TJUVBUJPO XIFO B= �
FRVBUJPO 	�
 IBT B VOJGPSNMZ BTZNQUPUJDBMMZ TUBCMF QFSJPEJD TPMVUJPO GPS FWFSZ QFSJPEJD GVODUJPO

���
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G 	U
 JG BOE POMZ JG �<−CI< �/� 	UIBU DPOTUJUVUFT B WBSJBOU PG UIF TP�DBMMFE .ZTILJTm8SJHIUm
:PSLF ����TUBCJMJUZ DSJUFSJPO <�� �� �� ��>
�

"NPOH PUIFS NBUIFNBUJDBM PCKFDUT DMPTFMZ SFMBUFE UP FRVBUJPO 	�
 XFXPVME MJLF UPNFOUJPO
UIF )BVTSBUI FRVBUJPO V ′(U) = C(NBY{|V(T)| : T ∈ [U− I, U]}− V(U)), BOBMZTFE JO <�� QQ ��m
��> BOE UIF )BMBOBZ JOFRVBMJUZ V ′(U)! BV(U)+ CNBY{V(T) : T ∈ [U− I, U]}, XIJDI CFDBNF BO
JNQPSUBOU UPPM JO UIF TUBCJMJUZ UIFPSZ PG GVODUJPOBM EJGGFSFOUJBM FRVBUJPOT <� � �� ��>�

5IF QSFTFOU XPSL FYUFOET QSFWJPVT TUVEJFT <� ��> XIFSF JO QBSUJDVMBS UIF FYJTUFODF PG
NVMUJQMF QFSJPEJD TPMVUJPOT UP FRVBUJPO 	�
 XBT FTUBCMJTIFE CZ VTJOH ,SBTOPTFMTLZ�T SPUBUJPO
OVNCFS BOE JOUSPEVDJOH B TVCTUJUVUF PG UIF WBSJBUJPOBM FRVBUJPO GPS UIF OPO�TNPPUI NPEFM 	�
�
0VS BQQSPBDI IFSF JT DBSEJOBMMZ EJGGFSFOU JUT XPSLIPSTF JT BO BTTPDJBUFE TFMGNBQ R PG BO
JOUFSWBM DBMMFE AUIF SFUVSO NBQ� JO UIF QBQFS� 5IJT GVODUJPO BMMPXT UP SFQSPEVDF UIF TFRVFODF PG
DPOTFDVUJWF ARVBMJàFE QFBLT� QK = V(RK,Q) PG FBDI TPMVUJPO V(U,Q) UP 	�
 XJUI JOJUJBM DPOEJUJPO
V(T,Q) = Q, T ∈ [R− I,R] XIFSF R XJMM CF DIPTFO JO B TVJUBCMF XBZ� #Z B RVBMJàFE QFBL XF
NFBO B MPDBM NBYJNVN PG V(·,Q) TBUJTGZJOH V(RK,Q) =NBYT∈[RK−I,RK+εK] V(T,Q) GPS TPNF εK > ��
4QFDJàDBMMZ XF EFàOF R CZ R(Q) = V(R�,Q)� "T XF XJMM TIPX UIF JOGPSNBUJPO TUPSFE JO R
JT TVGàDJFOU UP EFTDSJCF UIF EZOBNJDT JO 	�
� /PX BOBMZTJOH UIF EFQFOEFODF PG UIF ARVBMJàFE�
QFBL V(R�,Q) PO Q POF DBO PCTFSWF UIBU BU TPNF TQFDJàD WBMVFT PG Q UIJT QFBL EJTBQQFBST EVF UP
B DVTQ DBUBTUSPQIF� "DDPSEJOHMZ UIF SFUVSO NBQR IBT B EJTDPOUJOVJUZ BU FBDI TVDI QPJOU TP UIBU
JNQPSUBOU FGGPSUT JO TFDUJPO � BSF GPDVTFE PO UIF TUVEJFT PG UIF DPOUJOVJUZ BOE EJGGFSFOUJBCJMJUZ
QSPQFSUJFT PG R�

/FYU JO TFDUJPO � XF TIPX UIBU JO TQJUF PG UIF VOJRVFOFTT PG 5�QFSJPEJD TPMVUJPO UP 	�
 GPS
BMM TVGàDJFOUMZ TNBMM BOE MBSHF WBMVFT PG I5−� JO HFOFSBM FRVBUJPO 	�
 DBO FYIJCJU DPNQMFY
EZOBNJDT� *OEFFE JO TFDUJPO ��� XF TIPX UIBU UIF SFTUSJDUJPO PG UIF NBQ R UP BO BQQSPQSJBUF
DPNQBDU TVCTFU PG JUT DPOUJOVJUZ EPNBJO DBO IBWF B HFOFSBMJ[FE IPSTFTIPF� 5IJT GBDU JNQMJFT
UIF FYJTUFODF PG BO JOàOJUF OVNCFS PG EJGGFSFOU QFSJPEJD TPMVUJPOT UP 	�
 BT XFMM BT TFOTJU�
JWF EFQFOEFODF PO UIF JOJUJBM WBMVFT 	DIPTFO JO TPNF TVCTFU PG DPOUJOVPVT GVODUJPOT
� 0VS
FYBNQMF JO TFDUJPO ��� FYUFOET B SFMBUJWFMZ TNBMM TFU PG EFMBZ EJGGFSFOUJBM FRVBUJPOT DPNJOH
GSPN BQQMJDBUJPOT XIFSF UIF FYJTUFODF PG ADIBPUJD� CFIBWJPVS IBT CFFO QSPWFE BOBMZUJDBMMZ DG
<��> BOE JUT SFGFSFODFT� "T VTVBM UIJT SFRVJSFT FMFNFOUBSZ CVU MBCPSJPVT FWBMVBUJPOT PG TPNF
BVYJMJBSZ TNPPUI GVODUJPOT PO DPNQBDU TFUT� 5P NBLF UIF QBQFS NPSF SFBEBCMF UIJT XPSL BOE
UIF QSPPGT PG TPNF SFTVMUT BSF SFBMJ[FE JO UISFF "QQFOEJDFT� 'JOBMMZ JO TFDUJPO � XF EJTDVTT
TPNF RVBMJUBUJWF GFBUVSFT PG PVS NPEFM TVDI BT JUT BEFRVBDZ WFSTBUJMJUZ BOE SPCVTUOFTT BOE
FNQIBTJ[F UIF QPUFOUJBM JNQBDUT PG PVS SFTVMUT PO IFEPOJD VUJMJUZ TUVEJFT�

�� "TTPDJBUFE POF�EJNFOTJPOBM EZOBNJDT

-FU VT SFDBMM UIBU BO JOJUJBM WBMVF QSPCMFN GPS UIF GVODUJPOBM EJGGFSFOUJBM FRVBUJPO 	�
 BU UIF
NPNFOU τ XJUI UIF JOJUJBM GVODUJPO 	JOJUJBM IJTUPSZ
 φ ∈ $ := $[−I,�] IBT UIF GPSN V(T+ τ) =
φ(T), T ∈ [−I,�]� "T XF IBWF NFOUJPOFE UIF TPMVUJPO V(U,τ,φ) PG UIJT QSPCMFN FYJTUT GPS BMM
U" τ � 5IF TFU $ PG JOJUJBM GVODUJPOT GPSNT UIF TUBUF TQBDF GPS UIF 5�QFSJPEJD FRVBUJPO 	�

BOE UIF àSTU SFDVSSFODF NBQ Π : $→ $ EFàOFE CZ Π(φ)(T) := V(5+ T,�,φ), T ∈ [−I,�], JT B
TUBOEBSE UPPM UP TUVEZ UIF EZOBNJDT PG 	�
� "O PCWJPVT DPNQMJDBUJPO JO UIF VTF PG UIJT JOTUSV�
NFOU JT UIBU Π BDUT PO BO JOàOJUF�EJNFOTJPOBM TQBDF� /FWFSUIFMFTT BT XF XJMM TIPX JO UIJT
TFDUJPO UIF EZOBNJDT HFOFSBUFE CZ FRVBUJPO 	�
 JT FTTFOUJBMMZ POF�EJNFOTJPOBM� *O QBSUJDVMBS
UIF EFUBJMFE BOBMZTJT PG UIF TPMVUJPOT PG 	�
 SFBMJ[FE JO TFDUJPO ��� TIPXT UIBU XF DBO àOE BO
BMUFSOBUJWF TDBMBS àSTU SFDVSSFODF NBQ BEBQUFE UP UIF QBSUJDVMBS TJUVBUJPO PG FRVBUJPO 	�
� 4VDI
BO JOUFSWBM NBQ DPOTUSVDUFE JO TFDUJPO ��� BOE EFOPUFE BT R DBO CF SFHBSEFE BT UIF RVJOU�
FTTFODF PG UIF FWPMVUJPO TZTUFN 	�
� *O TFDUJPO � XF TIPX PO UXP QBSUJDVMBS FYBNQMFT UIBU UIF

���
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EZOBNJDBM QSPQFSUJFT PGR EFQFOE TUSPOHMZ PO UIF TZTUFN QBSBNFUFST TP UIBU UIFJS TBUJTGBDUPSZ
EFTDSJQUJPO DPOTUJUVUFT B TFQBSBUF UBTL GPS FBDI RVBSUFU (B,C,I, G(U))� *O BOZ DBTF UIF CBTJD BOB�
MZUJDBM QSPQFSUJFT PG R TIPVME àSTU CF DPOTJEFSFE� XF EP UIJT XPSL JO TFDUJPO ��� 	DPOUJOVJUZ
PGR
 BOE TFDUJPO ��� 	EJGGFSFOUJBCJMJUZ PGR
� *O UIFPSFN �� PG TFDUJPO ��� XF BMTP HJWF TPNF
EZOBNJDBMMZ SFMFWBOU JOGPSNBUJPO BCPVU UIF HFOFSBM HFPNFUSJD TUSVDUVSF PG R�

���� 4PNF QSPQFSUJFT PG UIF TPMVUJPOT UP 	�


8F XJMM DPOTJEFS TJOF�MJLF 5�QFSJPEJD GVODUJPOT JO UIF TFOTF PG UIF GPMMPXJOH EFàOJUJPO�

%FGJOJUJPO �� 8F TBZ UIBU B 5�QFSJPEJD DPOUJOVPVT GVODUJPO G : R→ R IBT TJOF�MJLF TIBQF JG
UIFSF FYJTU U�, U� TVDI UIBU �< U� − U� < 5 G JT TUSJDUMZ NPOPUPOF PO [U�, U�] BOE PO [U�, U� + 5]
BOE U� JT B UVSOJOH QPJOU PG G�

0VS NBJO BJN JO UIJT TFDUJPO DPOTJTUT PG EFàOJOH B POF�EJNFOTJPOBM NBQ UIBU BMMPXT VT
UP TUVEZ TPNF JNQPSUBOU BTQFDUT PG UIF EZOBNJDT PG 	�
� 3PVHIMZ TQFBLJOH UIF JUFSBUFT PG UIF
NBQ GPS B HJWFO JOJUJBM DPOEJUJPO DPSSFTQPOE UP UIF TFRVFODF PG RVBMJàFE QFBLT PG BO BTTPDJBUFE
TPMVUJPO PG 	�
� 5IF DPODFQU PG RVBMJàFE QFBL JT FTUBCMJTIFE JO UIF GPMMPXJOH EFàOJUJPO�

%FGJOJUJPO �� -FU V : [U�,∞)→ R CF B TPMVUJPO PG 	�
� *G UIFSF FYJTUT B QPJOU ν > U� + I TVDI
UIBU V(ν) =NBY{V(T) : T ∈ [ν− I,ν+ ε]} GPS TPNF ε� � UIFO XF TBZ UIBU V(ν) JT B RVBMJàFE
QFBL PG V�

5IF GPMMPXJOH SFTVMU JT B DPOTFRVFODF PG MFNNBT �� BOE �� JO BQQFOEJY " BOE QMBZT B LFZ
SPMF JO UIF EFàOJUJPO PG UIF SFUVSO NBQ BTTPDJBUFE UP 	�
�

5IFPSFN �� *G G IBT TJOF�MJLF TIBQF BOE FJUIFS PG UIF GPMMPXJOH DPOEJUJPOT IPMET�

BI! � BOE C+ B< �, PS BI> � BOE CI<−FYQ(BI− �), 	�


UIFO BMM TPMVUJPOT PG 	�
 BSF CPVOEFE� .PSFPWFS GPS FBDI TPMVUJPO V : [U�,∞)→ R PG 	�
 UIFSF
FYJTU ν > U� + I BOE ε�� TVDI UIBU V(ν) =NBY{V(T) : T ∈ [ν− I,ν+ ε]} UIBU JT V(ν) JT B
RVBMJàFE QFBL PG V�

8F OPUJDF UIBU 	�
 QSPWJEFT UIF OFDFTTBSZ BOE TVGàDJFOU DPOEJUJPOT GPS XIJDI UIF USJWJBM
TPMVUJPO PG UIF EFMBZ FRVBUJPO 	�
 JT VOJGPSNMZ BTZNQUPUJDBMMZ TUBCMF <��>�

*U XBT TIPXO JO <� �� ��> UIBU JG B+ C '= � UIFO FRVBUJPO 	�
 IBT BU MFBTU POF 5�QFSJPEJD
TPMVUJPO� .PSFPWFS UIFSF JT B VOJRVF HMPCBMMZ BUUSBDUJOH QFSJPEJD TPMVUJPO JG B+ C< � BOE
POF PG UIF GPMMPXJOH GPVS DPOEJUJPOT JT TBUJTàFE� 	B
 C" �� 	C
 C< � B� � BOE (B− C)I< ��
	D
 C< � B= � BOE −CI< �/�� 	JW
 C< � B< � BOE (B/C)FBI > MO

(
(C� + BC)/(C� + B�)

)
�

)PXFWFS BT JU XBT QSPWFE JO <��> 	TFF BMTP TFDUJPO ��� CFMPX
 FRVBUJPO 	�
 DBO IBWF TFWFSBM
QFSJPEJD TPMVUJPOT GPS PUIFS QBSBNFUFS WBMVFT� .PSFPWFS JO TFDUJPO ��� PG UIF QBQFS XF XJMM
TIPX UIBU 	�
 DBO FWFO QPTTFTT BO JOàOJUF TFU PG QFSJPEJD TPMVUJPOT BT XFMM BT TPNF TPMVUJPOT
XJUI ADIBPUJD� CFIBWJPVS�

*O UIF TFRVFM XF BTTVNF UIBU �< I< 5 G JT 5�QFSJPEJD XJUI TJOF�MJLF TIBQF BOE FJUIFS PG
UIF UXP DPOEJUJPOT JO 	�
 IPMET� *O QBSUJDVMBS UIJT JNQMJFT UIBU B+ C< �� *OEFFE JG BI� � BOE
CI<−FBI−� UIFO TJODF FY > �+ Y GPS BMM Y � ��

(B+ C)I= BI+ CI< (BI− �)+ �− F(BI−�) < �.

���
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���� $POTUSVDUJPO PG UIF SFUVSO NBQ

8F JOUSPEVDF UIF GVODUJPO

G̃(U) =
−G(U)
B+ C

=
G(U)

|B+ C| . 	�


"GUFS B DIBOHF PG WBSJBCMFT V→ W+NJOU∈R G̃(U) BOE U→ T+ DPOTU XJUIPVU MPTT PG HFOFSBMJUZ
XF DBO BMTP BTTVNF UIF GPMMPXJOH DPOEJUJPO�

	)
 G JT B DPOUJOVPVT 5−QFSJPEJD GVODUJPO TUSJDUMZ EFDSFBTJOH PO UIF JOUFSWBM *� = [�,β] BOE
TUSJDUMZ JODSFBTJOH PO *� = [β,5] XJUI NJOU∈R G(U) = �.

$MFBSMZ JG Q ∈ G̃(*�) UIFO Q= G̃(R) GPS B VOJRVF R ∈ *�� -FU V(·,Q) : [R,+∞)→ R CF UIF TPMV�
UJPO PG UIF JOJUJBM WBMVF QSPCMFN V(T,Q) = Q, T ∈ [R− I,R], GPS FRVBUJPO 	�
� #Z UIFPSFN � UIFSF
FYJTU ν = ν(R)> R BOE ε� � TVDI UIBU

V(ν,Q) = NBY
S∈[ν−I,ν+ε]

V(S,Q). 	�


-FU ν∗ CF UIF TNBMMFTU ν > R TBUJTGZJOH 	�
 BOE TFU R(Q) = V(ν∗,Q)� 8F SFGFS UIF SFBEFS
UP àHVSF � CFMPX GPS BO JMMVTUSBUJPO PG UIF EFàOJUJPO PG R BOE TPNF DIBSBDUFSJTUJD QPJOUT
JOWPMWFE JO PVS SFTVMUT� 5IF OFYU TUBUFNFOU TBZT UIBU R(̃G([�,β]))⊂ G̃([�,β)) JO PUIFS XPSET
UIBU R(Q)> � GPS FBDI Q ∈ G̃([�,β]) BOE UIF BQQMJDBUJPO

R : G̃([�,β])→ G̃([�,β]) 	�


JT XFMM EFàOFE�

-FNNB �� -FU V : [−I,+∞)→ R CF B TPMVUJPO PG 	�
 BOE MFU τ �� CF B QPJOU PG MPDBM NBY�
JNVN GPS V� NPSFPWFS BTTVNF UIBU GPS TPNF ε�� V(τ)" V(U) GPS BMM U ∈ [τ − I,τ + ε)� 5IFO
V(τ) = G(τ)/|B+ C| BOE τ∗ := τ (NPE 5) ∈ [�,β)�

1SPPG� 5IF àSTU DPODMVTJPO PG UIF MFNNB JT FWJEFOU�8F QSPWF UIF TFDPOE POF CZ DPOUSBEJDUJPO�
4VQQPTF UIBU τ∗ '∈ [�,β)� 5IFO UIFSF FYJTUT BO JOUFSWBM &= (�,ε) �< ε< I TVDI UIBU G(T+
τ)− G(τ)> � BOE .= NBY

S∈[τ−I,τ ]
V(S)" V(T+ τ) GPS BMM T ∈ &� 5IJT JNQMJFT UIBU UIF GVODUJPO

E(T) = V(T+ τ)− V(τ) TBUJTàFT UIF FRVBUJPO

E′(T) = BE(T)+ G(T+ τ)− G(τ)

GPS BMM T ∈ &� 6TJOH UIF WBSJBUJPO PG DPOTUBOUT GPSNVMB BOE UIF FRVBMJUZ E(�) = � XF HFU

�" E(T)FYQ(−BT) =
ˆ T

�
FYQ(−BS)( G(S+ τ)− G(τ))ES> �,

GPS BMM T ∈ &� 5IJT DPOUSBEJDUJPO QSPWFT UIBU BDUVBMMZ τ∗ ∈ [�,β)�

/PUF UIBU B QBSUJBM DPOWFSTF PG MFNNB � JT BMTP USVF�

-FNNB �� MFU V : [−I,+∞)→ R CF B TPMVUJPO PG 	�
� *G V(τ) = G̃(τ) = NBY
T∈[τ−I,τ ]

V(T) XIFSF

τ∗ = τ (NPE 5) ∈ [�,β) UIFO V TUSJDUMZ EFDSFBTFT PO *S := (τ,τ + S) XIFSF S=NJO{I,β−
τ∗}> �� *O QBSUJDVMBS τ �� JT B QPJOU PG MPDBM NBYJNVN GPS V�

1SPPG� *OEFFE DPOTJEFS UIF JOJUJBM WBMVF QSPCMFN W(τ) = G̃(τ) GPS UIF FRVBUJPO W ′(U) = BW(U)+
CW(τ)+ G(U)� 5IF EJGGFSFODF N(U) = W(U)− W(τ) TBUJTàFT UIF FRVBUJPO

N′(U) = BN(U)+ G(U)− G(τ), N(τ) = �.

���
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'JHVSF �� 4DIFNBUJD SFQSFTFOUBUJPO PG UXP 6�TIBQFE TPMVUJPOT BOE UIFJS DIBSBDUFS�
JTUJD QPJOUT� 0O UIF MFGU λ(R) = R+ I� PO UIF SJHIU λ(R) = µ(R) BOE UIFSFGPSF *� = ∅
	TFF EFàOJUJPO �
� 5IF HSBQI PG UIF NBQ G̃ JT HJWFO CZ UIF EBTIFE DVSWF JO SFE DPMPVS�

5IVT CZ UIF WBSJBUJPO PG DPOTUBOUT GPSNVMB GPS BMM U ∈ *S

(W(U)− W(τ))FYQ(−BU) =
ˆ U

τ
FYQ(−BT)( G(T)− G(τ))ET< �,

QSPWJOH UIBU τ � � JT B QPJOU PG MPDBM NBYJNVN GPS W BOE UIFSFGPSF V(U) = W(U) GPS BMM U ∈ *S�
5IF TBNF DPNQVUBUJPO TIPXT UIBU V(U�) = W(U�)> W(U�) = V(U�) JG U�, U� ∈ *S BOE U� < U� BOE
UIFSFGPSF V JT TUSJDUMZ EFDSFBTJOH PO *S�

5IF àSTU SFDVSSFODF NBQ R QMBZT UIF TBNF SPMF BT UIF 1PJODBSÊ NBQ JO UIF DBTF PG QFSJPEJD
EJGGFSFOUJBM FRVBUJPOT� 5IF GPMMPXJOH FWJEFOU TUBUFNFOU TVNNBSJ[FT UIF SFMBUJPOT CFUXFFO UIF
EFMBZ EJGGFSFOUJBM FRVBUJPO 	�
 BOE UIF POF�EJNFOTJPOBM EZOBNJDBM TZTUFN EFàOFE CZ 	�
�

-FNNB �� 'PS B HJWFO TPMVUJPO V PG FRVBUJPO 	�
 UIF TFU PG BMM QPJOUT BU XIJDI B RVBMJàFE
QFBL JT SFBDIFE 	JO UIF TFOTF PG EFàOJUJPO �
 GPSNT B TUSJDUMZ JODSFBTJOH VOCPVOEFE TFRVFODF
{τK, K ∈ N}� 'VSUIFSNPSF V(τO+K) =RK(V(τO)) GPS BMM K" � BOE O" ��

$MFBSMZ UIFSF JT B DPSSFTQPOEFODF CFUXFFO UIF QFSJPEJD TPMVUJPOT PG 	�
 BOE UIF TFU PG QFSJ�
PEJD QPJOUT PG R� *O QBSUJDVMBS CZ <�> R IBT BU MFBTU POF àYFE QPJOU�

5IF GPMMPXJOH EFàOJUJPO QMBZT B LFZ SPMF JO UIF TUVEZ PG UIF SFHVMBSJUZ QSPQFSUJFT PG UIF NBQ
R�

%FGJOJUJPO �� 8FXJMM TBZ UIBU UIF TPMVUJPO V(U,Q) JT6�TIBQFE JG PO UIF JOUFSWBMΩR = (R,ν∗(R))
JU IBT POMZ POF DSJUJDBM QPJOU JO XIJDI JU SFBDIFT JUT NJOJNBM WBMVF BOE JG JO TPNF MFGU�TJEF
OFJHICPVSIPPE PG ν∗ V(U,Q) =NBY{V(T,Q),T ∈ [U− I, U]}=: 6(U,Q).

*G V(U,Q) JT 6�TIBQFE UIFO UIF JOUFSWBM ΩR DBO CF SFQSFTFOUFE BT UIF EJTKPJOU VOJPO PG UIF
TVCJOUFSWBMT *� = (R,λ(R)] *� = (λ(R),µ(R)] BOE *� = (µ(R),ν∗(R)) XIFSF FJUIFS λ(R) = R+
I, PS λ(R) = µ(R) BOE *� = ∅ TVDI UIBU 6(U,Q) = Q PO *� 6(U,Q) = V(U− I,Q) PO *� 6(U,Q) =
V(U,Q) PO *��

���
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���� $POUJOVJUZ PG UIF SFUVSO NBQ

4FU ,= G̃([�,β])� 5IF HPBM PG UIJT TVCTFDUJPO JT UP EFTDSJCF UIF DPOUJOVJUZ QSPQFSUJFT PG UIF
NBQ R : ,→ ,� 5IF QSPPGT BOE TPNF BVYJMJBSZ SFTVMUT DBO CF GPVOE JO BQQFOEJY #� 8F àSTU
TUBUF BO BTTVNQUJPO UIBU XJMM HVBSBOUFF HPPE DPOUJOVJUZ QSPQFSUJFT PG R BOE BENJUT QSBDUJDBM
WFSJàDBUJPO�

(.Q) 'PS B HJWFO Q ∈ , JU IPMET UIBU V(T,Q)< V(ν∗,Q) GPS BMM T ∈ [ν∗ − I,ν∗)�
/PUF UIBU UIF MBTU BTTVNQUJPO OFFET UP CF DIFDLFE POMZ GPS UIPTF Q TBUJTGZJOH R(Q)< Q

CFDBVTF PG UIF GPMMPXJOH TJNQMF SFTVMU�

-FNNB �� 4VQQPTF UIBU R(Q)" Q GPS TPNF Q ∈ ,� 5IFO (.Q) JT TBUJTàFE�

1SPPG� *GR(Q)> Q UIF SFTVMU JT B DPOTFRVFODF PG UIF EFàOJUJPO PGR� "TTVNF UIBUR(Q) = Q
Q= G̃(R) BOE (.Q) EPFT OPU IPME� $POTFRVFOUMZ GPS TPNF T̂ ∈ [ν∗ − I,ν∗) JU IPMET V(T̂,Q) =
V(ν∗,Q) BOE V(T,Q)! V(T̂,Q) , T ∈ [̂T− I,ν∗]� 5IF MBUUFS UXP QSPQFSUJFT TIPX UIBU T̂ TIPVME DPJO�
DJEF XJUI ν∗ VOMFTT T̂ ∈ [R− I,R]� 4JODF T̂< ν∗ UIJT NFBOT UIBU ν∗ − R! ν∗ − T̂! I� 0O UIF
PUIFS IBOER(Q) = V(ν∗,Q) = V(R,Q) = Q BOE UIVT MFNNB � FOTVSFT UIBU ν∗ − R= K5> IXJUI
TPNF JOUFHFS K B DPOUSBEJDUJPO�

"TTVNJOH UIBU (.Q) IPMET GPS TPNF Q= G̃(R) ∈ , JO MFNNB �� PG BQQFOEJY # XF
XJMM FTUBCMJTI UIF FYJTUFODF PG B NBYJNBM OPO�FNQUZ JOUFSWBM (µ(R),ν∗) TVDI UIBU V(U,Q)>
V(T,Q),T ∈ [U− I, U) GPS BMM U ∈ (µ(R),ν∗)� /PUF UIBU JO UIF TQFDJBM DBTF PG B 6�TIBQFE TPMVUJPO
UIJT JOUFSWBM DPJODJEFT XJUI UIF JOUFSWBM *� EFàOFE JO UIF QBSBHSBQI CFMPX EFàOJUJPO ��

5IFPSFN �� -FU Q� = G̃(R�) CF B QPJOU PG EJTDPOUJOVJUZ GPS R BOE (.Q�) IPME� *G β < I UIFO
V(β+ K5,Q�) = � GPS TPNF β+ K5 ∈ [µ(R�),ν∗(R�)) XJUI K ∈ N� 'VSUIFSNPSF

R(Q�) =R(�), MJNJOG
Q→Q�

R(Q) = �.

5IFPSFN � BMMPXT VT UP àOE TVGàDJFOU DPOEJUJPOT GPS UIF DPOUJOVJUZ PG R JO TPNF TVCTFUT PG
JUT EPNBJO ,� 8F BEESFTT UIJT UBTL JO UIF OFYU DPSPMMBSJFT� 'PS UIF QSPPG PG UIFPSFN � BOE
DPSPMMBSJFT ��m�� TFF BQQFOEJY #�

$PSPMMBSZ ��� *G I ∈ (β,5) R(Q�)" Q�, BOE R(Q�) '=R(�) UIFO R JT DPOUJOVPVT BU Q��

1SPPG� #Z MFNNB � (.Q�) JT TBUJTàFE� 4JODFR(Q�) '=R(�) UIFPSFN � JNQMJFT UIF DPOUJOVJUZ
PG R BU Q��

$PSPMMBSZ ��� 4VQQPTF UIBU I ∈ (β,5) BOE MFU Q= G̃(R) ∈ ,. *G UIF GPMMPXJOH JOFRVBMJUZ IPMET�

ˆ I

�
FBT( G(R+ I− T)− G(R))ET" �, 	��


UIFOR JT DPOUJOVPVT BU QR(Q)> Q, BOE ν∗(R)∈ (5,5+β)..PSFPWFS UIFSF FYJTUT S ∈ (R,R+
I] TVDI UIBU V(S,Q) = Q V ′(S,Q)> � BOE V(U,Q)< Q GPS BMM U ∈ (R,S)�

$PSPMMBSZ ��� 4VQQPTF UIBU I ∈ (β,5) C< �� 5IFO R JT DPOUJOVPVT BU UIF QPJOU Q JG

R(Q) '=R(�) BOE
ˆ I

�
FBT( G(ν∗(R)− T)− G(ν∗(R)))ET< �. 	��


$PSPMMBSZ ��� "TTVNF UIBU FJUIFS PG UIF TUBCJMJUZ DPOEJUJPOT JO 	�
 IPMET BOE TVQQPTF UIBU
I ∈ (β,5)� 5IFO UIFSF BSF δ �� BOE Q∗ TVDI UIBUR(Q∗) = Q∗ BOER(Q)> Q GPS BMM Q ∈ [�,Q∗)�
'VSUIFSNPSFR JT DPOUJOVPVT PO [�,Q∗ + δ)� *G JO BEEJUJPO (.Q) JT TBUJTàFE GPS BMM Q ∈ , BOE

���
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[�,D)⊂ , JT UIF NBYJNBM IBMG�PQFO JOUFSWBM XIFSF R JT DPOUJOVPVT UIFO FJUIFS [�,D] = , BOE
JOGR(,)> � PSR(D−) = �, R(D) =R(�)> ��

$PSPMMBSZ �� QSPWJEFT BO BMUFSOBUJWF QSPPG PG UIF FYJTUFODF PG BU MFBTU POF 5−QFSJPEJD TPMV�
UJPO GPS FRVBUJPO 	�
 XJUI TJOF�MJLF 5�QFSJPEJD DPOUJOVPVT GVODUJPO G 	U
� *O <�> UIJT SFTVMU XBT
PCUBJOFE CZ VTJOH UIF UPQPMPHJDBM EFHSFF NFUIPE�

���� %JGGFSFOUJBCJMJUZ PG UIF SFUVSO NBQ

*O UIJT TVCTFDUJPO XF BTTVNF UIBU β < I< 5 G JT 5�QFSJPEJD XJUI TJOF�MJLF TIBQF BOE FJUIFS
PG UIF UXP DPOEJUJPOT JO 	�
 IPMET� *U JT OPU EJGàDVMU UP QSPWF UIF EJGGFSFOUJBCJMJUZ 	QPTTJCMZ
POF�TJEF EJGGFSFOUJBCJMJUZ
 PG UIF SFUVSO NBQR JO UIF DBTF XIFO UIF HSBQI PG V= V(U,Q) PO UIF
JOUFSWBM (R,ν∗(R)) JT 6�TIBQFE JO UIF TFOTF PG EFàOJUJPO ��

%VF UP UIFPSFN �R JT DPOUJOVPVT BU Q JG V(U,Q) JT6�TIBQFE BOE JUT HSBQI EPFT OPU JOUFSTFDU
UIF TFU {(β+ L5,�),L" �}⊂ R�� "TTVNJOH V(U,Q) JT 6�TIBQFE XF JOUSPEVDF UIF GPMMPXJOH
WBSJBUJPOBM FRVBUJPO BMPOH V(U,Q)�

X ′(U) =






BX(U)+ CX(R), JG R! U! λ(R),
BX(U)+ CX(U− I), JG λ(R)! U< µ(R),
(B+ C)X(U), JG µ(R)! U< ν∗(R),

	��


XIFSF λ(R) ∈ {R+ I,µ(R)}�
-FU W(U), U" �, EFOPUF UIF TPMVUJPO PG UIF JOJUJBM WBMVF QSPCMFN

V ′(U) = BV(U)+ CV(U− I), 	��


V(T) = �, T ∈ [−I,�), V(�) = �. 	��


4VDI W	U
 JT DBMMFE UIF GVOEBNFOUBM TPMVUJPO PG UIF MJOFBS EFMBZ�EJGGFSFOUJBM FRVBUJPO 	��
 TFF
<�� TFDUJPO ���>� *G X	U
 TBUJTàFT UIF WBSJBUJPOBM FRVBUJPO 	��
 XF PCUBJO 	TFF <�� DIBQUFS �
UIFPSFN ���>
 UIBU X(ν∗(R)) =∆(R)X(R), XIFSF

∆(R) =
(
W(µ− R)+ C

ˆ µ−R

µ−R−I
W(T)ET

)
F(B+C)(ν∗−µ).

5P TJNQMJGZ BOE TIPSUFO PVS QSPPGT IFSFBGUFS XF NBLF UIF BEEJUJPOBM BTTVNQUJPO
	5
 G JT B $��TNPPUI 5�QFSJPEJD GVODUJPO IBWJOH FYBDUMZ UXP DSJUJDBM QPJOUT PO FBDI IBMG�

PQFO JOUFSWBM PG MFOHUI 5� .PSFPWFS B� � B+ C< � BOE I ∈ (β,5)�
'PS JOTUBODF 	5
 JT GVMàMMFE JO UIF FYBNQMF DPOTJEFSFE JO TFDUJPO ����
6TJOH 	5
 XF DBO FBTJMZ FTUBCMJTI UIBU V(U,Q) IBT BU NPTU POF DSJUJDBM QPJOU PO UIF UJNF

JOUFSWBM (R,5]∩ (R,R+ I)� *G Q= � UIJT GBDU GPMMPXT GSPN DPSPMMBSZ �� JO BQQFOEJY #� /FYU
MFNNB � TIPXT UIBU V(U,Q) XJUI Q� � EFDSFBTFT PO TPNF NBYJNBM OPO�FNQUZ JOUFSWBM *⊃
(R,NJO{R+ I,β})� *O GBDU JG R̂> β JT UIF MFGUNPTU QPJOU TBUJTGZJOH G̃(R̂) = Q UIFO

V′(U,Q) = BV(U,Q)+ CQ+ G(U)< (B+ C)Q+ G(R) = �,

GPS BMM U ∈ (R,NJO{R+ I, R̂}]�
*G V(U,Q) IBT B MFGUNPTU DSJUJDBM QPJOU UN ∈ (R̂,R+ I) UIFO �! V ′ ′(UN) = G ′(UN) JNQMZJOH UIBU

β < UN ! 5 BOE �< V ′ ′(UN) JG UN < 5� *O QBSUJDVMBS V(U,Q) DBO IBWF BU NPTU POF DSJUJDBM QPJOU
PO 	R5
� /PX TVQQPTF UIBU V ′(5,Q) = � BOE UN < 5< R+ I� 5IFO V(U,Q)< Q GPS BMM U ∈ (R,5)
TP UIBU W(U) = V ′(U,Q) TBUJTàFT W ′(U) = BW(U)+ G ′(U), W(5) = �, JO TPNF TNBMM OFJHICPVSIPPE
PG 5� 4JODF G ′(U) JT DIBOHJOH JUT TJHO BU 5 GSPN QPTJUJWF UP OFHBUJWF W	U
 JT OFHBUJWF JO TPNF
TNBMM QVODUVSFE WJDJOJUZ PG 5� 5IVT V(U,Q) TIPVME IBWF BO BEEJUJPOBM MPDBM NBYJNVN QPJOU

���
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CFUXFFO UN BOE 5 B DPOUSBEJDUJPO� *O UIJT XBZ V(U,Q) DBO IBWF BU NPTU POF DSJUJDBM QPJOU PO
(R,5]∩ (R,R+ I)�

5IF BCPWF SFBTPOJOH JT VTFGVM JO QSPWJOH UIF GPMMPXJOH SFTVMU 	HSBQIJDBMMZ QSFTFOUFE PO UIF
SJHIU GSBNF PG àHVSF �
�

-FNNB ��� -FU 	5
 BOE 	��
 IPME� 5IFO UIF HSBQI PG V= V(U,Q) JT 6�TIBQFE�

1SPPG� 8JUI UIF OPUBUJPOT PG DPSPMMBSZ �� BOE UIF BCPWF DPNNFOUT JU TVGàDFT UP FTUBCMJTI UIBU
UN JT UIF VOJRVF DSJUJDBM QPJOU PG V(U,Q) PO UIF JOUFSWBM 	R S
� *OEFFE JG V(U,Q) IBT BOPUIFS DSJUJDBM
QPJOU U∗ > UN UIFO U∗ ∈ (5,S)⊂ (5,β+ 5) XIFSF V ′ ′(U∗,Q) = G ′(U∗)< � 	SFDBMM UIBU G ′(U)< �
GPS U ∈ (5,β+ 5)
� 5IFSFGPSF U∗ JT UIF VOJRVF DSJUJDBM QPJOU PG V(U,Q) PO 	5 S
 XIFSF B MPDBM
NBYJNVN JT SFBDIFE� 5IVT V ′(S,Q)< � XIJDI JT JNQPTTJCMF CZ DPSPMMBSZ ���

#Z UIF TBNF BSHVNFOUT JG R+ I> 5 UIFO V(U,Q) DBO IBWF BU NPTU POF BEEJUJPOBM DSJU�
JDBM QPJOU PO (5,R+ I] XIFSF B MPDBM NBYJNVN JT SFBDIFE� $MFBSMZ UIJT DBO IBQQFO POMZ
XIFO V(U,Q)< Q GPS U ∈ (R,R+ I]� 'VSUIFSNPSF TVQQPTF UIBU UIFSF FYJTUT UIF MFGUNPTU QPJOU
S ∈ (R,R+ I] TVDI UIBU V(S,Q) = Q� 8F DMBJN UIBU UIFO UIF JOFRVBMJUZ 	��
 JT OFDFTTBSJMZ TBUJT�
àFE� *OEFFE PUIFSXJTF UIF TPMVUJPO VQ(U) PG UIF JOJUJBM WBMVF QSPCMFN V ′(U) = BV(U)+ CQ+ G(U),
VQ(R) = Q TBUJTàFT VQ(R+ I)< Q 	PCTFSWF UIBU UIF JOFRVBMJUZ VQ(R+ I)" Q BNPVOUT UP 	��

TFF DPNQVUBUJPOT JO 	#��

� 5IVT VQ(U) SFBDIFT JUT BCTPMVUF NBYJNVN PO [S,R+ I] BU TPNF
QPJOU U∗ ∈ (5,R+ I]� 4JODF I< 5 UIJT JNQMJFT UIBU G(U∗)> G(R) BOE DPOTFRVFOUMZ �= V ′

Q(U
∗) =

BV(U∗)+ CQ+ G(U∗)> BQ+ CQ+ G(U∗) = G(U∗)− G(R)> � B DPOUSBEJDUJPO�
)FODF VOEFS UIF BTTVNQUJPOT PG MFNNB �� µ(R)! R+ I JG BOE POMZ JG UIF JOFRVBMJUZ 	��


IPMET� 'PS TJNQMJDJUZ JU JT DPOWFOJFOU UP DPOTJEFS UIF GPMMPXJOH BTTVNQUJPO�
	$
 5IF TFU PG BMM R ∈ [�,β) TBUJTGZJOH JOFRVBMJUZ 	��
 JT B OPOFNQUZ JOUFSWBM 4= [β�,β)�
'PS FYBNQMF DPOEJUJPO 	$
 IPMET GPS FRVBUJPO 	��
 DPOTJEFSFE JO TFDUJPO ��� XJUI β� ≈

�.������
#Z UIF JNQMJDJU GVODUJPO UIFPSFN JG 	��
 BOE 	$
 IPME UIFO UIF FRVBUJPO V(U,Q(R)) =

Q(R) XIFSF XF EFOPUF Q= G̃(R) = Q(R) IBT B VOJRVF TPMVUJPO U= λ(R) ∈ (R,R+ I], TNPPUIMZ
EFQFOEJOH PO R ∈ [β�,β)� "MTP λ(R) = µ(R) JG R ∈ [β�,β) BOE λ(R) = R+ I JG R! β��

/FYU JG R ∈ (β�,β) UIFO

Q= FB(λ(R)−R)Q+
ˆ λ(R)

R
FB(λ(R)−T)(CQ+ G(T))ET, 	��


TP UIBU

�= (Q(B+ C)+ G(λ(R)))∂Qλ(R)+
(
�+

C
B

)
FB(λ(R)−R) − C

B
,

XIFSF ∂Qλ(R) EFOPUFT UIF QBSUJBM EFSJWBUJPO XJUI SFTQFDU UP Q PG UIF DPNQPTJUF GVODUJPO λ ◦
R(Q)� /FYU JG R ∈ (β�,β) UIFO NBYT∈[U−I,U] V(T,Q) = V(U,Q) GPS U ∈ [λ(R),ν∗(R)] BOE UIFSFGPSF

R(Q) = V(ν∗(R),Q) = QF(B+C)(ν∗(R)−λ(R)) +

ˆ ν∗(R)

λ(R)
F(B+C)(ν∗(R)−T)G(T)ET.

)FSF ν∗ JT $��TNPPUI GVODUJPO PG R BT UIF TPMVUJPO PG UIF FRVBUJPO '(ν,R) = �,XIFSF
'(ν,R) = BV(ν,Q(R))+ CQ(R)+ G(ν), ∂µ'(ν,Q) = BV ′(ν,Q)+ G ′(ν) = G ′(ν)< �� " TUSBJHIU�
GPSXBSE DPNQVUBUJPO TIPXT UIBU

R′(Q) = V′(ν∗(R),Q)∂Qν∗(R)+ F(B+C)(ν∗(R)−λ(R)) −
Q(B+ C)F(B+C)(ν∗(R)−λ(R))∂Qλ(R)− F(B+C)(ν∗(R)−λ(R))G(λ(R))∂Qλ(R) =

F(B+C)(ν∗(R)−λ(R)) − F(B+C)(ν∗(R)−λ(R)) (Q(B+ C)+ G(λ(R)))∂Qλ(R) =

���
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F(B+C)(ν∗(R)−λ(R))
((

�+
C
B

)
FB(λ(R)−R) − C

B

)
=∆(R(Q)).

"T B DPOTFRVFODF XF IBWF UIF GPMMPXJOH SFTVMU�

5IFPSFN ��� "TTVNF 	5
 BOE 	$
 IPME BOE MFU R ∈ (β�,β)� 5IFO µ(R) = λ(R) BOE

R ′(Q) = F(B+C)(ν∗(R)−µ(R))
((

�+
C
B

)
FB(µ(R)−R) − C

B

)
=∆(R(Q)). 	��


5IFSFGPSF C" B/(F−BI − �) JNQMJFT UIBU R ′(Q)> � GPS BMM Q ∈ (�, G̃(β�))⊂ (�,Q∗)� 0O UIF
PUIFS IBOE JG C< B/(F−BI − �) BOE UIF POMZ SPPU PG FRVBUJPO

G(τ)+ C
ˆ �

B MO C
B+C

�
F−BVG(V+ τ)EV= � 	��


JT τ = R� ∈ (β�,β) UIFO R ′(Q)> � GPS Q ∈ (�, G̃(R�)) BOE R ′(Q)< � GPS Q ∈ (̃G(R�), G̃(β�))�

1SPPG� 4JODF λ(R)− R< I GPS BMM R ∈ (β�,β) JU GPMMPXT UIBU ∆(R)> � GPS BMM R ∈ (β�,β) JG
I! (�/B) MO(C/(C+ B))./PUF UIBU CFDBVTF PG B+ C< �< B UIF MBUUFS JOFRVBMJUZ JT FRVJWBMFOU
UP C" B/(F−BI − �)�

0O UIF PUIFS IBOE JG I> (�/B) MO(C/(C+ B)) UIFO CZ UIF JOUFSNFEJBUF WBMVF UIFPSFN UIFSF
JT R� ∈ (β�,β) TVDI UIBU

λ(R�)− R� =
�
B
MO
(

C
C+ B

)

BOE UIFSFGPSF R ′(Q(R�)) = �� 'VSUIFSNPSF SFDBMMJOH UIBU Q� = G̃(R�) BOE VTJOH UIF BCPWF
FYQSFTTJPO GPS λ(R�)− R� XF PCUBJO GSPN 	��
 UIBU R� TBUJTàFT 	��
 XIJDI QSPWFT UIF VOJRVF�
OFTT PG R� 	VOEFS PVS BTTVNQUJPOT
� )FODF

λ(R)− R<
�
B
MO
(

C
C+ B

)
, GPS R ∈ (R�,β);

λ(R)− R>
�
B
MO
(

C
C+ B

)
, GPS R ∈ (β�,R�),

XIJDI àOBMJ[FT UIF QSPPG�

&YBNQMF ��� 'PS FRVBUJPO 	��
 JO TFDUJPO ��� XF HFU β = �.�π C< B/(F−BI − �) BOE XF
OVNFSJDBMMZ àOE β� ≈ �.����� G̃(β�)≈ �.����� R� ≈ �.�������� G̃(R�)≈ �.��������.
5IVT UIF SFUVSO NBQ R JT $��TNPPUI PO UIF JOUFSWBM [�,�.�] XIFSF JU IBT B VOJRVF DSJUJDBM
QPJOU Q� = G̃(R�)� .PSFPWFS R SFBDIFT JUT BCTPMVUF NBYJNVN BU Q� 	TFF àHVSF �
�

*U JT RVJUF SFNBSLBCMF UIBU UIF FYQSFTTJPO GPS R ′(Q) JO 	��
 EPFT OPU EFQFOE PO UIF EFSJWBU�
JWFT ∂Rν∗(R) BOE ∂Rµ(R)� "T POF DBO TFF JO UIF QSPPG PG PVS OFYU SFTVMU JU JT EVF UP UIF GPMMPXJOH
UISFF DJSDVNTUBODFT� B
 UIBU V(T,Q) = Q GPS BMM T ∈ [R− I,R] 	UIJT QMBZT B LFZ SPMF JO FMJNJOBU�
JOH UIF EFQFOEFODF PO ∂Rµ(R)
� C
 UIBU V ′(ν∗(R),Q) = � 	UIJT FMJNJOBUFT UIF EFQFOEFODF PO
∂Rν∗(R)
� BOE D
 UIBU UIF HSBQI PG V(U,Q) JT 6�TIBQFE�

5IF OFYU SFTVMU DBO CF WJFXFE BT B OBUVSBM FYUFOTJPO PG UIFPSFN �� GPS R! β�� 5IF QSPPG JT
HJWFO JO BQQFOEJY #�

5IFPSFN ��� 4VQQPTF UIBU BTTVNQUJPOT 	5
 BOE 	$
 BSF TBUJTàFE FRVBUJPO 	��
 IBT B VOJRVF
SPPU R� ∈ (β�,β) BOE UIFSF JT α ∈ (�,β) TVDI UIBU UIF TPMVUJPOT V(U,Q(R)) PG FRVBUJPO 	�
 BSF
6�TIBQFE GPS BMM R ∈ (α,β]� *G ∆(R)< � GPS R ∈ (α,β�] UIFO UIFSF JT BO JODSFBTJOH TFRVFODF
	FJUIFS àOJUF PS JOàOJUF
 PG SFBM OVNCFST QJ XJUI �< G̃(R�)< Q� < · · ·< QK < · · ·< G̃(α), TVDI

���
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UIBUR JT EJGGFSFOUJBCMF PO UIF JOUFSWBMT %� = [�,Q�), . . . ,%K = [QK−�,QK), . . .  TUSJDUMZ JODSFBTJOH
PO UIF JOUFSWBM (�, G̃(R�)) BOE TUSJDUMZ EFDSFBTJOH PO UIF JOUFSWBM (̃G(R�),Q�) BOE PO FWFSZ%K, K>
�. .PSFPWFS R(Q) JT SJHIU DPOUJOVPVT BU QK BOE R(QK−) = �, R(�) =R(QK)� 'JOBMMZ R ′ JT
DPOUJOVPVT PO FWFSZ %K BOE R ′(Q) =∆(R(Q)) R ′(QK−)<R ′(QK+)�

5IF GPMMPXJOH DPSPMMBSZ QSPWJEFT BEEJUJPOBM JOGPSNBUJPO PO UIF OVNCFS BOE QFSJPET PG UIF
QFSJPEJD TPMVUJPOT PG 	�
� 5IF DBTF N= � JT JMMVTUSBUFE JO àHVSF ��

$PSPMMBSZ ��� -FU %K CF UIF JOUFSWBMT EFàOFE JO UIF TUBUFNFOU PG UIFPSFN ��� 4VQQPTF UIBU
R(�) ∈ %N GPS TPNF N" �� 5IFO FRVBUJPO 	�
 IBT N TJOF�MJLF QFSJPEJD TPMVUJPOT QK(U) XJUI
NJOJNBM QFSJPET K5 BOE TVDI UIBU ζK :=NBYR QK(U)<NBYR QL(U) GPS FBDI QBJS PG JOEJDFT K< L�

1SPPG� *G R(�) ∈ %N UIFO R IBT FYBDUMZ N àYFE QPJOUT ζJ ∈ %J, J= �, . . . ,N�

3FNBSL ��� -FU W EFOPUF UIF GVOEBNFOUBM TPMVUJPO PG 	��
 BOE DPOTJEFS UIF GVODUJPO

7(U) = W(U)+ C
ˆ U

U−I
W(T)ET, U" �.

/PUF UIBU 7(�) = �� 4VQQPTF UIBU 7(U)> � GPS U ∈ [�,α∗) BOE 7(U)< � GPS U ∈ (α∗,β∗)� "TTVNF
UIBU BMM DPOEJUJPOT PG UIFPSFN �� IPME BOE MFU FBDI V(U,Q) CF 6�TIBQFE� 5IFO UIF JOFRVBMJUJFT
α∗ < µ(R)− R< β∗ DMFBSMZ HVBSBOUFF UIBU ∆(R)< ��

"T BO BQQMJDBUJPO DPOTJEFS FRVBUJPO 	��
 JO TFDUJPO ��� GPS XIJDI α∗ ≈ �.�, β∗ ≈ ��.���
4JODF µ(R)− R> �.�π > α∗ GPS R< R� BOE µ(R)− R< ��.�� JG µ(R)! �.�π, R"−�.�π
XF DBO DPODMVEF UIBU R ′(Q)< � GPS BMM Q ∈ (̃G(R�),Q�) 	JO BQQFOEJY $ XF XJMM QSPWF UIBU UIF
DPSSFTQPOEJOH TPMVUJPOT V(U,Q) BSF 6�TIBQFE
�

�� 5XP FYBNQMFT

*O UIJT TFDUJPO XF HJWF UXP BQQMJDBUJPOT PG PVS SFTVMUT�

���� &RVBUJPO XJUI NVMUJQMF BUUSBDUJOH TPMVUJPOT

5IF FRVBUJPO

V ′(U) =− NBY
T∈[U−�π/�,U]

V(T)+ G(U), 	��


XJUI G(U) =−TJO U+NBYU−�π/�!τ!U DPTτ XBT TUVEJFE JO <��>� 5IF GVODUJPO V�(U) = DPT U JT BO
FWJEFOU TPMVUJPO PG 	��
 BOE UIF FYJTUFODF PG BOPUIFS �π�QFSJPEJD TPMVUJPO V� XBT FTUBCMJTIFE
JO UIF DJUFE XPSL� )PXFWFS UIF GVMM EFTDSJQUJPO PG UIF EZOBNJDT PG 	��
 XBT OPU QSPWJEFE JO
<��>� 5IJT DBO CF FBTJMZ EPOF CZ BOBMZTJOH UIF SFUVSO NBQ R GPS 	��
 XIPTF HSBQI JT QSFTFO�
UFE JO àHVSF �� 8F TFF UIBU JO GBDU UIF NJOJNBM QFSJPE PG V� JT �π� .PSFPWFS V� V� BOE
V�(U) = V�(U+ �π) FYIBVTU UIF TFU PG BMM QFSJPEJD TPMVUJPOT UP 	��
 BOE V� V� BUUSBDU BMM TPMV�
UJPOT UP 	��
 	DMFBSMZ FYDFQUJOH V�
� 4FU R= π/� TP UIBU GPS UIJT QBSUJDVMBS WBMVF PG R BOE
G̃(U) = G(U−π/�) XF IBWF R(�) = �= G̃(π/�) ν∗ = �π/�, µ= �π/�� 4JODF W(T) = �.�π+
�− T, T ∈ [�.�π,�π] XF FBTJMZ àOE UIBU R ′(�) = (�− �π/�+π�/��)FYQ(−π/�)≈−�.��
XIJDI DPJODJEFT XJUI UIF VOJRVF OPO�[FSP DIBSBDUFSJTUJD NVMUJQMJFS EFUFSNJOFE CZ UIF WBSJ�
BUJPOBM FRVBUJPO BMPOH V�(U) = DPT U 	TFF <�� UIFPSFN ���> GPS NPSF EFUBJMT
�

���
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'JHVSF �� 3FUVSO NBQ R GPS FRVBUJPO 	��
 	PO UIF MFGU
 BOE JUT TFDPOE JUFSBUJPO R� 	PO
UIF SJHIU
� 5IF EBTIFE IPSJ[POUBM MJOF DPSSFTQPOET UP R(�)� /PUF UIBU R� BOE R TIBSF
POF QPJOU PG EJTDPOUJOVJUZ 	OPU BQQSFDJBCMF PO UIF SJHIU GSBNF
�

���� $IBPUJD CFIBWJPVS JO UIF .BHPNFEPW FRVBUJPO

0VS NBJO FYBNQMF JT HJWFO CZ UIF FRVBUJPO

V ′(U) = �.��V(U)− NBY
U−�π/�!T!U

V(T)+ �− TJO U. 	��


5IF GPSDJOH UFSN G 	U
 JO 	��
 JT DMPTF UP UIF GVODUJPO H(U) = �− TJO U� *O GBDU UIF SFQMBDF�
NFOU PG G 	U
 XJUI �− TJO U JO 	��
 QSPEVDFT EZOBNJDBMMZ JOTJHOJàDBOU DIBOHFT JO UIF SFUVSO
NBQ TP UIBU UIF NPEJàFE TZTUFN IBT TJNQMF EZOBNJDT� )PXFWFS CZ BEEJOH UIF MJOFBS UFSN
�.��V(U) UP 	��
 UIF CFIBWJPVS PG UIF TPMVUJPOT DIBOHFT ESBNBUJDBMMZ� *OEFFE BT XF TIPX
CFMPX FRVBUJPO 	��
 FYIJCJUT DIBPUJD CFIBWJPVS�

8F OPUF UIBU UIF TQFDJàD DIPJDF PG UIF QBSBNFUFST B= ���� BOE C=−� JT NPTUMZ NPUJW�
BUFE CZ TPNF BEWBOUBHFT JO UIF HSBQIJDBM SFQSFTFOUBUJPO PG UIF TPMVUJPOT BOE JO FTUBCMJTI�
JOH UIF DPOUJOVJUZ QSPQFSUJFT PG UIF SFUVSO NBQ R : ,→ , ,= [�,�(B+ C)−�] = [�,�.�� . . . ]
TIPXO JO àHVSF �� *O QBSUJDVMBS PVS OVNFSJDBM TJNVMBUJPOT TIPX UIBU JG XF àY C=−� BOE
MFU B ∈ [�.��,�.��] GPS XIJDI UIF BENJTTJCJMJUZ DPOEJUJPO 	�
 IPMET UIF NBQ R IBT UVSCVMFOU
USBKFDUPSJFT� )PXFWFS UIFZ DBO DPFYJTU XJUI BO BUUSBDUJOH DZDMF QPTTFTTJOH B MBSHF CBTJO PG
BUUSBDUJPO� 5IF MBUUFS QPTTJCJMJUZ JT FYDMVEFE CZ DIPPTJOH B= ����� *O TVDI B DBTF UIF SJHIU�
NPTU DPOUJOVPVT CSBODI PG UIF HSBQI PG R EPFT OPU JOUFSTFDU UIF EJBHPOBM DPNQBSF XJUI UIF
MFGU QBSU PG àHVSF ��

4JODF UIF TFDPOE DPOEJUJPO JO 	�
 IPMET BOE β = π < I= �.�π < 5= �π XF DBO BQQMZ
DPSPMMBSJFT �� BOE �� UP DPODMVEF UIBU R JT DPOUJOVPVT PO UIF JOUFSWBM [�,�.�� . . . ]⊂
, XIFSF R(Q)> Q 	CZ DPSPMMBSZ ��
 BOE R JT DPOUJOVPVT BU FBDI QPJOU PG UIF TFU
R−�([�.�� . . . ,�.�� . . . ] \R(�)) 	CZ DPSPMMBSZ ��
� /PUF UIBU BGUFS JOUFHSBUJOH JOFRVBMJUJFT 	��

BOE 	��
 UBLF UIF GPSN "TJOR+#DPTR" � XJUI TPNF SFBM DPFGàDJFOUT ",#� 5IVT UIF BCPWF
OVNFSJDBM WBMVFT 	MJLF �.�� . . . 
 DBO CF GPVOE JO DMPTFE GPSN� F�H� �.�� . . . = (�− TJOR�)/�.��
XIFSF DPUR� = ((FBI − �)/B+ �− B)(B+ FBI)−�, B= �.��, I= �.�π. 5IF HSBQI PG UIF SFUVSO
NBQ GPS FRVBUJPO 	��
 JT OVNFSJDBMMZ QMPUUFE JO àHVSF �� $PSPMMBSZ �� TIPXT UIBU UIF HSBQI JO
UIJT àHVSF JT B DPOUJOVPVT DVSWF BU MFBTU VOUJM JUT àSTU JOUFSTFDUJPO XJUI UIF EJBHPOBM� 5IFPSFN ��
CFMPX EFTDSJCFT JO NPSF EFUBJM UIF NBJO DPOUJOVJUZ QSPQFSUJFT PG UIF SFUVSO NBQ GPS 	��
� 'PS
JUT QSPPG TFF BQQFOEJY $�

���
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'JHVSF �� (SBQI PG UIF SFUVSO NBQ R GPS FRVBUJPO 	��
 	EJTDPOUJOVPVT SFE TPMJE DVSWF
�
5IF VQQFS EBTIFE IPSJ[POUBM MJOF DPSSFTQPOET UP R(�)� 5IF DMPTFE TVCJOUFSWBMT *�
	CSPXO
 *� 	HSFFO
 *� 	ZFMMPX
 PG , IBWF QBJSXJTF EJTKPJOU JOUFSJPST BOE TBUJTGZ UIF
SFMBUJPOT *� ∪ *� ⊂R(*�) *� ⊂R(*�)  *� ∪ *� ⊂R(*�)�

5IFPSFN ��� 5IF SFUVSO NBQR : ,→ , GPS 	��
 IBT FYBDUMZ UXP QPJOUT PG EJTDPOUJOVJUZ Q� ≈
�.� BOE Q� ≈ �.�� PO UIF JOUFSWBM [�,Q�]⊃R(,) XIFSF

R(Q�) =R(Q�) =R(�)≈ �.��, R(Q�−) =R(Q�−) = �.

'VSUIFSNPSF R JT EJGGFSFOUJBCMF PO [�,�.���] \ {Q�} BOE IBT B VOJRVF DSJUJDBM QPJOU Q� ≈
�.��� PO UIJT JOUFSWBM XIFSF JU SFBDIFT JUT BCTPMVUF NBYJNVN� 'JOBMMZR ′(Q�−)<R ′(Q�+)
R(Q)> Q GPS BMM Q ∈ [�,�.�] BOE R(R(�))< �.��

5IJT UIFPSFN JNQMJFT UIF FYJTUFODF PG B MFGUNPTU àYFE QPJOU α ∈ (�.�,Q�) GPS R� -FU Q� ∈
(�,Q�) CF EFàOFE CZ R(Q�) =R(�) BOE MFU κ ∈ (α,Q�) CF TVGàDJFOUMZ DMPTF UP Q� UP TBUJTGZ
R(κ)< Q�� $POTJEFS UIF GPMMPXJOH DMPTFE TVCJOUFSWBMT PG , XJUI QBJSXJTF EJTKPJOU JOUFSJPST

*� = [Q�,α], *� = [α,κ], *� = [Q�,R(�)].

5IFTF JOUFSWBMT BSF TIPXO JO àHVSF �� $MFBSMZ UIF SFUVSO NBQ JT DPOUJOVPVT PO FBDI PG UIFTF
JOUFSWBMT BOE

*� ∪ *� ⊂R(*�), *� ⊂R(*�), *� ∪ *� ⊂R(*�).

���
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8SJUJOH UIF JODMVTJPO *� ⊂R(*�) JO UIF GPSN *� → *� BOE TJNJMBSMZ UIF PUIFST XF PCUBJO UIF
GPMMPXJOH EJSFDUFE .BSLPW HSBQI BTTPDJBUFE XJUI UIF DPMMFDUJPO *�, *�, *��

5IF BEKBDFODZ NBUSJY A= {BJK} PG UIF HSBQI JT EFàOFE BT GPMMPXT� BJK = � JG BOE POMZ JG
UIFSF JT BO FEHF GSPN WFSUFY *J UP WFSUFY *K� PUIFSXJTF BJK = �� 5IVT�

A=




� � �
� � �
� � �



 .

$POTJEFS UIF TQBDF Ω+
A PG BMM POF�TJEFE QBUIT PO UIF BCPWF .BSLPW HSBQI 	GPS FYBNQMF

ω = (*�, *�, *�, *�, *�, *�, *�, . . .)
 QSPWJEFE XJUI UIF NFUSJ[BCMF UPQPMPHZ PG DPNQPOFOU�XJTF DPO�
WFSHFODF� *U JT FBTZ UP SFBMJ[F UIBU Ω+

A JT B DMPTFE QFSGFDU TVCTQBDF PG UIF QSPEVDU TQBDF
{*�, *�, *�}N TP UIBU JU JT B $BOUPS TFU� -FU σ : Ω+

A → Ω+
A EFOPUF UIF POF�TJEFE TIJGU EFàOFE

CZ σ({*OL}) = {*OL+�} 	F�H� σ(*�, *�, *�, *�, *�, *�, *�, . . .) = (*�, *�, *�, *�, *�, *�, . . .)
� 4JODF BMM FMF�
NFOUT PG UIF NBUSJY A� BSF QPTJUJWF 	IFODF UIF NBUSJY A JT USBOTJUJWF <�� EFàOJUJPO �����>

UIF EZOBNJDBM TZTUFN σ : Ω+

A → Ω+
A JT UPQPMPHJDBMMZ NJYJOH BOE JUT QFSJPEJD QPJOUT BSF EFOTF

JO Ω+
A TFF <�� QSPQPTJUJPO �����>� 5IFO BO BQQMJDBUJPO PG UIFPSFN ������ DPSPMMBSJFT �����

������ ������ BOE QSPQPTJUJPO ����� JO <��> ZJFMET UIF GPMMPXJOH SFTVMU 	OPUJDF UIBU UIF HSFBUFTU
FJHFOWBMVF PG A JT λNBY

A = (
√
�+ �)/�
�

5IFPSFN ��� 5IFSF JT B DMPTFE TVCTFU +⊂ *� ∪ *� ∪ *� BOE B DPOUJOVPVT TVSKFDUJPO I : +→ Ω+
A

TVDI UIBU R(+)⊂ + BOE UIF GPMMPXJOH EJBHSBN JT DPNNVUBUJWF�

.PSFPWFS UP FBDI QFSJPEJD PSCJU ω ∈ Ω+
A DPSSFTQPOET BU MFBTU POF QFSJPEJD QPJOU PG UIF

TBNF QFSJPE JO I−�(ω) TP UIBU R : +→ + IBT BO JOàOJUF TFU PG QFSJPEJD TPMVUJPOT� *O GBDU UIF
OVNCFS PG EJGGFSFOU O�QFSJPEJD PSCJUT PG R JT CJHHFS UIBO PS FRVBM UP UIF USBDF 5SAO BOE UIF
UPQPMPHJDBM FOUSPQZ PGR : +→ + JT BU MFBTU MPH((

√
�+ �)/�)> ��

*O UIJT XBZ FRVBUJPO 	��
 IBT BO JOàOJUF TFU PG QFSJPEJD TPMVUJPOT� *O QBSUJDVMBS àHVSF �
TIPXT UIBU JU IBT B �π�QFSJPEJD TPMVUJPO V� XJUI α=NBYU∈R V�(U)≈ �.���, BOE B �π�QFSJPEJD
TPMVUJPO V� XJUI γ =NBYU∈R V�(U)≈ �.��� 5IF HSBQI PG UIF TFDPOE JUFSBUJPOR� SFTUSJDUFE UP UIF
JOUFSWBM [α,γ] TVHHFTUT UIBUR IBT BO JOàOJUF TFU PG VOTUBCMF QFSJPEJD TPMVUJPOT� *O àHVSF � XF
SFQSFTFOU UXP QBSUJDVMBS TPMVUJPOT PG FRVBUJPO 	��
� UIF DVSWF (U,V(U)) PG UIF TPMVUJPO V= V(U,�)
U< ��� BOE UIF QSPKFDUJPO PG UIF TPMVUJPO V= V(U,�) PO UIF QMBOF (V(U),V(U− I))�

���
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'JHVSF �� 0O UIF MFGU XF SFQSFTFOU UIF TPMVUJPO V= V(U,�) PG 	��
� PO UIF SJHIU UIF
QSPKFDUJPO PG UIF TPMVUJPO V= V(U,�) PG 	��
 PO UIF QMBOF (V(U,�),V(U− I,�))�

�� %JTDVTTJPO

4DBMBS EFMBZ EJGGFSFOUJBM FRVBUJPOT QSPWFE UP CF QBSUJDVMBSMZ VTFGVM GPS VOEFSTUBOEJOH UIF
EZOBNJDT PG LFZ JOEJDBUPST GPS DPNQMFY AOPO�NFDIBOJTUJD� TZTUFNT XIPTF FWPMVUJPO BU FBDI
JOTUBOU JT EFUFSNJOFE OPU POMZ CZ UIFJS DVSSFOU TUBUF CVU BMTP CZ TPNF TQFDJàD TUBUFT JO UIFJS
JNNFEJBUF QSF�IJTUPSZ� )VUDIJOTPO�T FRVBUJPO <��> BOE /JDIPMTPO�T CMPXáJFT FRVBUJPOT <��>
JO FDPMPHZ UIF .BDLFZm(MBTT FRVBUJPOT JO QIZTJPMPHZ <��> BOE UIF ,BMFDLJ FRVBUJPO JO
FDPOPNJDT <��> BSF PVUTUBOEJOH FYBNQMFT PG TVDI BQQMJDBUJPOT� &WFO JG UIF BDUJPO PG SFDFOU
IJTUPSZ JT JODPSQPSBUFE JO UIF NFOUJPOFE FRVBUJPOT CZ NFBOT PG WFSZ TJNQMF NFDIBOJTNT UIFZ
BMMPXFE UP FYQMBJO RVBMJUBUJWF BOE JO TPNF DBTFT RVBOUJUBUJWF EZOBNJDBM DIBSBDUFSJTUJDT PG UIF
SFTQFDUJWF TZTUFNT�

*O UIJT XPSL XF TIPX UIBU UIF GSBNFXPSL PG UIF FYQFSJFODFE VUJMJUZ UIFPSZ XJUI JUT DPO�
DFQUT PG JOTUBOU BOE SFNFNCFSFE VUJMJUJFT BOE UIF QFBL�FOE SVMF TVHHFTUJOH UIF NFDIBOJTN
PG EFMBZFE BDUJPO JT JEFBMMZ BEBQUFE UP UIF VTF PG EFMBZ EJGGFSFOUJBM FRVBUJPOT JO UIF QBSUJDVMBS
GPSN 	�
 PG EJGGFSFOUJBM FRVBUJPOT XJUI NBYJNB� 3FDBMM UIBU UIF QFBL�FOE SVMF JT B QTZDIPMPHJDBM
UIFPSZ UIBU TUBUFT UIBU UXP NPNFOUT DBO TFSWF BT B QSPYZ UP FWBMVBUF BOE NBLF EFDJTJPOT CBTFE
PO DFSUBJO UZQFT PG QBTU BGGFDUJWF FQJTPEFT� UIF NPNFOU PG QFBL BGGFDU JOUFOTJUZ BOE UIF FOE�
JOH� "QQMZJOH UIJT UIFPSZ UP NPEFM UIF EZOBNJDT PG FYQFSJFODFE VUJMJUZ XF TFF UIBU B TVJUBCMF
NBUIFNBUJDBM FWPMVUJPO FRVBUJPO NVTU UBLF JOUP BDDPVOU UIF QFBL BOE UIF FOE PG FBDI FQJTPEF�
8F BTTVNF IFSF UIBU POF QFSTPO�T MJGF DPOTJTUT PG B DPOUJOVVN PG FQJTPEFT�

/PX UIF TUVEJFT <�� ��> BMTP TIPX UIBU UIF BDUJPOT PG QSFTFOU BOE QBTU TUBUFT DPNCJOF CFU�
UFS JO BO BEEJUJWF GPSN 	BOE OPU JO B NVMUJQMJDBUJWF GPSN BT JO <��>
� 5IF MBUUFS DPOTJEFSBUJPO
UPHFUIFS XJUI UIF IFEPOJD BEBQUBUJPO QSJODJQMF MFBET UP UIF NPSF TQFDJàD GPSN 	�
 PG RVBTJMJO�
FBS FRVBUJPO XJUI NBYJNB� &RVBUJPO 	�
 JT OPO�BVUPOPNPVT BOE JU JT OBUVSBM UP BTTVNF UIBU JO
HFOFSBM UIF BDUJPO G 	U
 PG FYUFSOBM TUJNVMJ JT DIBOHJOH SBOEPNMZ� "T BO BQQSPYJNBUJPO GPS G 	U

XF UBLF JO UIJT XPSL JUT QFSJPEJD OPO�SBOEPN DPNQPOFOU XIJDI DBO CF JNQPTFE CZ DFSUBJO
SFQFBUFE MJGF SPVUJOF�

0VS TUVEJFT PG UIF QFSJPEJD NPEFM 	�
 XIJDI DPOTJEFST POMZ B MJOFBS DPNCJOBUJPO PG UIF
QFBL BOE UIF FOE TUBUFT TIPX JUT SPCVTUOFTT BOE WFSTBUJMJUZ� *OEFFE UIF SFUVSO NBQ R UIBU
LFFQT BMM FTTFOUJBM JOGPSNBUJPO BCPVU UIF EZOBNJDT PG UIF TPMVUJPOT EFQFOET DPOUJOVPVTMZ PO
QBSBNFUFST B,C, G(U)� 0O UIF PUIFS IBOE FRVBUJPO 	�
 DBO HFOFSBUF OPU POMZ HMPCBMMZ TUBCMF

���
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QFSJPEJD EZOBNJDT BT JO UIF FYBNQMF PG TFDUJPO ��� 	OPUF UIFSF UIF QFSJPE EVQMJDBUJPO FGGFDU

CVU BMTP UVSCVMFOU CFIBWJPVS BT JO UIF FYBNQMF PG TFDUJPO ����

*NQPSUBOUMZ UIF QSPQPTFE BQQSPBDI UP FRVBUJPO 	�
 DBO CF FYUFOEFE UP HFOFSBM EJTTJQBU�
JWF QFSJPEJD FRVBUJPOT XJUI NBYJNB 	�
 PODF UIF BMHFCSBJD FRVBUJPO '(U,V,V) = � BENJUT B
VOJRVF DPOUJOVPVT QFSJPEJD TPMVUJPO V= G̃(U)� .PSFPWFS UIF TJOF�MJLF TIBQF PG G̃(U) BTTVNFE
JO UIJT QBQFS DBO CF SFQMBDFE CZ UIF MFTT SFTUSJDUJWF DPOEJUJPO PG JUT QJFDF�XJTF NPOPUPOJDJUZ�
$FSUBJOMZ TVDI HFOFSBMJ[BUJPOT IBWF TJHOJàDBOU DPNQVUBUJPOBM UFDIOJDBM BOE FYQPTJUPSZ DPTUT�
F�H� UIF DPNQBDU JOUFSWBM , JO R : ,→ , TIPVME CF SFQMBDFE CZ B EJTKPJOU VOJPO PG DPNQBDU
TFHNFOUT� "U UIF TBNF UJNF UIF NPSF TJNQMF NPEFM 	�
 BMSFBEZ IBT B TVGàDJFOUMZ SFQSFTFOUBUJWF
DIBSBDUFS� 5IF NBUIFNBUJDBM NFUIPE PG UIJT QBQFS DBO CF BMTP VTFGVM JO UIF DBTF PG BQFSJPEJD
QJFDF�XJTF NPOPUPOF DPOUJOVPVT GVODUJPOT G̃(U)� *O TVDI B DBTF UIF SFUVSO NBQ R : ,→ ,
TIPVME CF SFQMBDFE CZ BO BQQSPQSJBUF OPO�BVUPOPNPVT EJTDSFUF EZOBNJDBM TZTUFN <��>�

5P DMPTF UIJT TFDUJPO XF XPVME MJLF UP FNQIBTJ[F UIF JNQPSUBODF PG UIF NFBTVSFNFOU PG
UIF IFEPOJD FYQFSJFODFE VUJMJUZ 	AIBQQJOFTT�
 XIJDI DPOTUJUVUFT OPU POMZ B DSVDJBM JTTVF JO
QTZDIPMPHJDBM SFTFBSDI CVU BMTP B HSFBU BEWBODF GPS FDPOPNJDT <��>� NPSFPWFS AIBQQJOFTT
SFTFBSDI SFQSFTFOUT B DBTF PG B QSPEVDUJWF DSPTTmGFSUJMJ[BUJPO PG UXP PUIFSXJTF JTPMBUFE àFMET�
FDPOPNJDT BOE QTZDIPMPHZ� <��>� #VU IBQQJOFTT JT JUTFMG WBMVBCMF XJUIPVU IBWJOH UP DPOUSJCVUF
UP BOZUIJOH FMTF <��> BOE UIFSFGPSF JU JT BO JNQPSUBOU PCKFDUJWF UP USZ UP FYQMBJO JUT CFIBWJPVS
OPU POMZ XJUI FNQJSJDBM TUVEJFT <�> CVU BMTP DPOTUSVDUJOH BOE BOBMZTJOH NBUIFNBUJDBM NPEFMT
<�� �� ��>� 0VS NPEFM SFQSFTFOUT POF TUFQ NPSF JO UIJT EJSFDUJPO BOE DPOOFDUT TPNF UIFPSFU�
JDBM DPODMVTJPOT BOE FYQFSJNFOUBMMZ PCTFSWFE EZOBNJDT PG IBQQJOFTT� 'PS JOTUBODF JU HJWFT B
QVSFMZ NBUIFNBUJDBM BSHVNFOU JO GBWPVS PG UIF QPTTJCJMJUZ PG VOQSFEJDUBCMF CFIBWJPVS PG IBQ�
QJOFTT XJUIJO B XFMM�FTUBCMJTIFE MJGF�T SPVUJOF� /PUF BMTP UIBU UIF 6�TIBQF PG UIF VUJMJUZ QSPàMF
SFQSFTFOUFE JO àHVSF � JT VTVBMMZ PCTFSWFE JO FNQJSJDBM SFTFBSDI <� ��>�

"DLOPXMFEHNFOUT

8F EFEJDBUF UIJT XPSL UP UIF NFNPSZ PG "OBUPMZ 4BNPJMFOLP POF PG JOáVFOUJBM 4PWJFU BOE
6LSBJOJBO FYQFSUT JO UIF àFME PG PSEJOBSZ EJGGFSFOUJBM FRVBUJPOT DG <�� TFDUJPOT ���� ����>
QSPGFTTPS BOE EPDUPSBM BEWJTFS PG UIF àSTU BOE UIJSE BVUIPST�

8F FYQSFTT PVS BQQSFDJBUJPO UP 3BGBFM 0SUFHB GPS TVHHFTUJOH UIF QSFTFOU TJNQMF QSPPG PG
MFNNB ��� 8F BMTP UIBOL -�VCPNÎS 4OPIB BOE )BOT�0UUP 8BMUIFS GPS WBMVBCMF EJTDVTTJPOT�
8F BSF JOEFCUFE UP "MFYBOEFS 3F[PVOFOLP GPS QSPWJEJOH UIF NPOPHSBQI <��>� 0 5SPGZNDIVL
BOE 4 5SPàNDIVL XFSF TVQQPSUFE CZ '0/%&$:5 	$IJMF
 QSPKFDU ��������

'JOBMMZ XF TJODFSFMZ UIBOL UIF SFWJFXFST BOE UIF FEJUPST GPS UIFJS DPNNFOUT BOE TVHHFT�
UJPOT XIJDI IFMQFE UP JNQSPWF UIF QBQFS�

"QQFOEJY "� 1SPQFSUJFT PG UIF TPMVUJPOT PG UIF FRVBUJPO XJUI QFSJPEJD FYUFSOBM
TUJNVMJ

'JSTU XF QSPWF UXP JNQPSUBOU SFTVMUT DPODFSOJOH UIF NPOPUPOJDJUZ BOE CPVOEFEOFTT QSPQFSUJFT
PG UIF TPMVUJPOT UP 	�
�

-FNNB ��� "TTVNF UIBU I< 5 B+ C '= � BOE UIF 5�QFSJPEJD DPOUJOVPVT GVODUJPO G IBT TJOF�
MJLF TIBQF� -FU V : [α,+∞)→ R CF B TPMVUJPO UP 	�
� 5IFO BU MFBTU POF PG UIF GPMMPXJOH PQUJPOT
JT TBUJTàFE�

	B
 UIFSF FYJTUT τ > α TVDI UIBU V TUSJDUMZ JODSFBTFT PO [τ,+∞) BOE V(U)→+∞ BT U→+∞�

���



/POMJOFBSJUZ �� 	����
 ��� 0 5SPGZNDIVL FU BM

	C
 UIFSF FYJTUT τ� > α+ I TVDI UIBU 6(U) := NBY
T∈[U−I,U]

V(T) EFDSFBTFT PO [τ�,+∞) BOE V(U)→
−∞ BT U→+∞�

	D
 UIFSF FYJTU τ� > α+ I BOE ε�� TVDI UIBU NBY
T∈[τ�−I,τ�+ε]

V(T) = V(τ�)�

1SPPG� $POTJEFS UIF GVODUJPO 6 : (α+ I,+∞)→ R EFàOFE JO 	C
� 8F IBWF UIF GPMMPXJOH
UISFF BMUFSOBUJWFT�

	B
 6 JT EFDSFBTJOH PO TPNF JOUFSWBM (σ,+∞)� *G JO BEEJUJPO 6(+∞) =−∞ UIFO UIF
TFDPOE PQUJPO PG UIF MFNNB JT TBUJTàFE� 4P TVQQPTF UIBU 6(+∞) = 6∗ JT àOJUF� 5IFO V TBUJT�
àFT UIF EJGGFSFOUJBM FRVBUJPO

V′(U) = BV(U)+ C6∗ + CH(U)+ G(U),

XIFSF H(U) := 6(U)−6∗ " � GPS U" σ H(+∞) = ��
*G JO BEEJUJPO B= � UIFO C '= � BOE

V(U) = V(σ)+
ˆ U

σ
( G(T)− Ḡ)ET+ C

ˆ U

σ
(6∗ + C−�̄G+ H(T))ET,

Ḡ := 5−�
ˆ 5

�
G(T)ET.

&WJEFOUMZ 6∗ + C−�̄G= � 	PUIFSXJTF V(+∞) FYJTUT BOE JT JOàOJUF
 TP UIBU

V(U) = Q�(U)+ H�(U), U" σ, 	"��


XIFSF

H�(U) = $+ C
ˆ U

σ
H(T)ET, Q�(U) = V(σ)−$+

ˆ U

σ
( G(T)− Ḡ)ET,

$ JT TPNF DPOTUBOU BOE H� JT B NPOPUPOF GVODUJPO XIJDI JT CPVOEFE CFDBVTF V BOE Q� BSF
CPVOEFE� 8F TFU $=−C

´ +∞
σ H(T)ET JNQMZJOH H�(+∞) = �� .PSFPWFS

Q′�(U) = G(U)− G(θ), NJO
T∈R

G(T)< G(θ)<NBY
T∈R

G(T),

GPS TPNF àYFE θ ∈ [�,5] TP UIBU Q� IBT FYBDUMZ UXP DSJUJDBM QPJOUT PO FBDI IBMG�DMPTFE JOUFSWBM
PG MFOHUI 5� 5IVT Q� JT B TJOF�MJLF 5�QFSJPEJD GVODUJPO� )PXFWFS TJODF I< 5 UIJT JNQMJFT UIBU
6	U
 DBOOPU CF NPOPUPOF B DPOUSBEJDUJPO�

$POTJEFS OPX UIF DBTF XIFO B '= �� 4JNJMBSMZ XF àOE UIBU SFQSFTFOUBUJPO 	"��
 JT USVF JO
UIJT TJUVBUJPO XJUI H�(+∞) = � BOE Q� CFJOH UIF VOJRVF 5−QFSJPEJD TPMVUJPO PG UIF FRVBUJPO

Y ′(U) = BY(U)+ G�(U), G�(U) := C6∗ + G(U). 	"��


5IJT XJMM QSPEVDF BHBJO B DPOUSBEJDUJPO PODF JU JT FTUBCMJTIFE UIBU UIF 5−QFSJPEJD GVODUJPO
Q� JT TJOF�MJLF� 4P TFU G�(5�) =NBYR G�(T), G�(5�) =NJOR G�(T) GPS TPNF 5� < 5� < 5� + 5�
'JSTU DPOTJEFS B< � UIFO

− G�(5�)

B
=

ˆ U

−∞
FB(U−T)G�(5�)ET< Q�(U) =

ˆ U

−∞
FB(U−T)G�(T)ET<− G�(5�)

B
.

5IFSFGPSF UIF HSBQI PG UIF TPMVUJPO Y(U), 5� ! U! 5� + 5, CFMPOHT UP UIF SFDUBOHMF

[5�,5� + 5]× (−B−�G�(5�),−B−�G�(5�))

���



/POMJOFBSJUZ �� 	����
 ��� 0 5SPGZNDIVL FU BM

'JHVSF "�� 4DIFNBUJD SFQSFTFOUBUJPO PG UIF [FSP JTPDMJOF GPS 	"��
 	CMBDL DVSWF
 BOE JUT
VOJRVF QFSJPEJD TPMVUJPO Q� 	SFE DVSWF
�

PG UIF FYUFOEFE QIBTF QMBOF TFF àHVSF "�� 5IF [FSP JTPDMJOF GPS 	"��
 JT HJWFO CZ UIF HSBQI
PG Y=−B−�G�(U)�

*O UIF PQFO SFHJPO CFMPX UIJT JTPDMJOF UIF TPMVUJPOT PG 	"��
 BSF JODSFBTJOH XIJMF UIFZ
BSF EFDSFBTJOH BCPWF UIF OVMMDMJOF� 5BLF BOZ QPJOU 1T = (T,−B−�G�(T)) GPS T ∈ (5�,5�)� JU JT
FBTZ UP TFF UIBU FBDI USBKFDUPSZ PG 	"��
 UISPVHI 1T JT TUSJDUMZ EFDSFBTJOH JO UIF CBDLXBSE
EJSFDUJPO BOE UIFSFGPSF IBT B VOJRVF JOUFSTFDUJPO XJUI UIF [FSP JTPDMJOF PO [5�,T]� 5IJT QSPWFT
UIBU Y= Q�(U) IBT B VOJRVF JOUFSTFDUJPO XJUI Y=−B−�G�(U) PO UIF JOUFSWBM [5�,5�] 	TBZ BU TPNF
QPJOU T∗ ∈ (5�,5�)
 JU JT TUSJDUMZ JODSFBTJOH PO [5�,T∗] BOE TUSJDUMZ EFDSFBTJOH PO TPNFNBYJNBM
JOUFSWBM [T∗,T∗] XIFSF T∗ ∈ (5�,5� + 5) BOE Q�(T∗) =−B−�G�(T∗)� #Z UIF TBNF BSHVNFOU BT
CFGPSF XF PCUBJO UIBU Y(U) = Q�(U) DBOOPU DSPTT UIF [FSP JTPDMJOF GPS U ∈ (T∗,5� + 5] B TFDPOE
UJNF BOE UIFSFGPSF Q� JT TUSJDUMZ JODSFBTJOH PO [T∗,5� + 5]� 5IJT NFBOT UIBU Q� IBT TJOF�MJLF
GPSN�

5P DPNQMFUF UIF BOBMZTJT PG UIF àSTU BMUFSOBUJWF XF TIPVME DPOTJEFS B� �� 5IJT DBTF DBO
CF FBTJMZ SFEVDFE UP UIF QSFWJPVT POF TJODF UIF QFSJPEJD GVODUJPO R(U) := Q�(−U) TBUJTàFT UIF
FRVBUJPO R ′(U) =−BR(U)− G�(−U) TP UIBU R IBT TJOF�MJLF TIBQF�

	C
 /FYU XF DPOTJEFS UIF BMUFSOBUJWF XIFO 6 JT JODSFBTJOH PO TPNF JOUFSWBM (σ,+∞)�
&WJEFOUMZ JG 6 JT FWFOUVBMMZ TUSJDUMZ JODSFBTJOH UIFO 6(U) = V(U) GPS BMM TVGàDJFOUMZ MBSHF
WBMVFT PG U� 5IJT JNQMJFT UIBU V TBUJTàFT UIF FRVBUJPO V ′(U) = (B+ C)V(U)+ G(U) QPTTFTTJOH
B VOJRVF 5−QFSJPEJD TPMVUJPO Q	U
 	BT XF IBWF FTUBCMJTIFE JO 	B
 Q	U
 JT TJOF�MJLF
� 5IFSF�
GPSF V(U) = DF(B+C)U + Q(U) GPS TPNF D ∈ R TP UIBU V	U
 JODSFBTFT POMZ JG B+ C> � D� � XJUI
V(U)→+∞� 5IJT JT UIF àSTU PQUJPO JO UIF TUBUFNFOU PG MFNNB ���

4P BTTVNF UIBU6 JT JODSFBTJOH PO (σ,+∞) BOE UIFSF FYJTUT B TFRVFODF PG NBYJNBM JOUFSWBMT
[BK,CK] BK < CK < BK+�, MJNBK =+∞ TVDI UIBU 6 JT DPOTUBOU PO FBDI PG UIFN� 5IFO DMFBSMZ UIF
UIJSE PQUJPO PG UIF MFNNB JT TBUJTàFE GPS FBDI τ� = BK�

	D
 'JOBMMZ JG6 JT OPU FWFOUVBMMZ NPOPUPOF UIFO UIFSF FYJTU α+ �I< T� < T� < T� TVDI UIBU
6(T�)< 6(T�)> 6(T�)� *G T̂ JT UIF MFGUNPTU QPJOU XIFSF UIF BCTPMVUF NBYJNVN PG V	U
 PO UIF
JOUFSWBM [T�,T�] JT BUUBJOFE UIFO T̂ ∈ (T�,T�) BOE UIF UIJSE PQUJPO PG UIF MFNNB JT TBUJTàFE XJUI
τ� = T̂�

5IJT DPNQMFUFT UIF QSPPG PG MFNNB ���

-FNNB ��� "TTVNF UIBU UIF USJWJBM TPMVUJPO PG UIF EFMBZ FRVBUJPO

V ′(U) = BV(U)+ C NBY
T∈[U−I,U]

V(T) 	"��


���
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JT VOJGPSNMZ BTZNQUPUJDBMMZ TUBCMF UIBU JT FJUIFS PG UIF GPMMPXJOH DPOEJUJPOT IPMET�

BI! � BOE C+ B< � PS BI> � BOE CI<−FYQ(BI− �). 	"��


5IFO FWFSZ TPMVUJPO PG 	�
 JT CPVOEFE PO FBDI JOUFSWBM [S,+∞) CFMPOHJOH UP JUT EPNBJO�

1SPPG� 'JSTU XF OPUJDF UIBU CZ <�� UIFPSFN ���> FWFSZ OPO�USJWJBM TPMVUJPO PG 	"��
 JT FWFOUV�
BMMZ TUSJDUMZ NPOPUPOF� 5IJT JNQMJFT UIBU UIF [FSP TPMVUJPO UP 	"��
 JT VOJGPSNMZ FYQPOFOUJBMMZ
TUBCMF JG BOE POMZ JG UIF DIBSBDUFSJTUJD GVODUJPO [− B− CF−[I BTTPDJBUFE UP UIF MJOFBS EFMBZ�
EJGGFSFOUJBM FRVBUJPO 	��
 EPFT OPU IBWF OPOOFHBUJWF SFBM [FSPT 	IFODF UIF FYQPOFOUJBM TUBCJMJUZ
PG FRVBUJPO 	��
 JNQMJFT UIF VOJGPSN FYQPOFOUJBM TUBCJMJUZ PG 	"��

� *U DBO CF QSPWFE UIBU UIJT
QSPQFSUZ IPMET JG BOE POMZ JG FJUIFS PG DPOEJUJPOT JO 	"��
 IPMET B TUBCJMJUZ SFTVMU FTUBCMJTIFE
JO <��>�

*O UIF GPMMPXJOH XF BTTVNF UIBU FRVBUJPO 	"��
 JT VOJGPSNMZ FYQPOFOUJBMMZ TUBCMF� 5IFO
GPS FWFSZ TPMVUJPO W : R+ → R PG 	"��
 UIFSF JT B SFBM OVNCFS µ TVDI UIBU µ > �I> � BOE
‖Wµ‖! �.�‖W�I‖ XIFSF ‖φ‖=NBY{|φ(T)| : T ∈ [−I,�]} WE(T) = W(E+ T),T ∈ [−I,�]�

"TTVNF UIBU UIFSF JT BO VOCPVOEFE TPMVUJPO V PG 	�
� 5IFO UIFSF FYJTUT B TFRVFODF UO →+∞
TVDI UIBU |V(UO +µ)|= NBY

S∈[UO,UO+µ]
|V(S)|→∞ BT O→∞� 5IF TFRVFODF

W(O)(U) =
V(U+ UO)
NBY

T∈[UO,UO+µ]
|V(T)| , U ∈ [�,µ],

JT SFMBUJWFMZ DPNQBDU JO $[�,µ] UIFSFGPSF JU IBT B TVCTFRVFODF {W(OK)} VOJGPSNMZ DPOWFSHJOH UP
BO FMFNFOU W ∈ $[�,µ]� 'JOBMMZ W TBUJTàFT FRVBUJPO 	"��
 PO UIF JOUFSWBM [I,µ] BOE �= |W(µ)|=
‖Wµ‖= NBY

S∈[�,µ]
|W(S)|" ‖W�I‖ B DPOUSBEJDUJPO XJUI UIF EFàOJUJPO PG µ�

"QQFOEJY #� "VYJMJBSZ SFTVMUT GPS UIF SFHVMBSJUZ PG R

8F CFHJO CZ DPOTJEFSJOH UIF JOJUJBM WBMVF QSPCMFN V(τ) = G̃(τ) GPS UIF PSEJOBSZ EJGGFSFOUJBM
FRVBUJPO

V ′(U) = (B+ C)V(U)+ G(U). 	#��


$MFBSMZ UIFSF FYJTUT TPNF δ � � TVDI UIBU G(U)− G(τ) EPFT OPU DIBOHF TJHO PO FBDI PG UIF PQFO
JOUFSWBMT (τ − δ,τ) (τ,δ+ τ)� " TUSBJHIUGPSXBSE DPNQVUBUJPO TIPXT UIBU UIF TPMVUJPO V PG UIF
NFOUJPOFE JOJUJBM WBMVF QSPCMFN TBUJTàFT GPS BMM �< |U− τ |< δ

V(U)− V(τ)
U− τ

( G(U)− G(τ)) =
�

U− τ

ˆ U

τ
F(B+C)(U−T)( G(U)− G(τ))( G(T)− G(τ))ET> �.

5IJT SFMBUJPO JNQMJFT UIF GPMMPXJOH SFTVMU�

-FNNB ��� *G τ ∈ (�,β) <SFTQFDUJWFMZ τ ∈ (β,5)> UIFO UIF TPMVUJPO V PG UIF JOJUJBM WBMVF QSPC�
MFN V(τ) = G̃(τ) GPS 	#��
 IBT B TUSJDU MPDBM NBYJNVN <SFTQFDUJWFMZ TUSJDU MPDBM NJOJNVN> BU
τ � .PSFPWFS τ JT UIF VOJRVF DSJUJDBM QPJOU PG V JO TPNF PQFO OFJHICPVSIPPE PG τ � *G τ = β
UIFO V ′(U)> � GPS BMM U JO TPNF QVODUVSFE OFJHICPVSIPPE PG β� *G τ = 5 UIFO V ′(U)< � GPS BMM
U JO TPNF QVODUVSFE OFJHICPVSIPPE PG 5�

1SPPG� 4VQQPTF GPS FYBNQMF UIBU τ = β� 5IFO V(τ) = � BOE V(U)< � GPS U ∈ (τ − δ,τ)� 4JODF
B+ C< � UIJT JNQMJFT UIBU V ′(U)> � GPS U ∈ (τ − δ,τ)� 4JNJMBSMZ V(U)> � GPS U ∈ (τ,δ+ τ)� *G
XF TVQQPTF UIBU V ′(T�) = � GPS TPNF T� ∈ (τ,δ+ τ) UIFO V	U
 JT TUSJDUMZ EFDSFBTJOH PO (β,T�)

���
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	TJODF G 	U
 JT TUSJDUMZ JODSFBTJOH PO UIF TBNF JOUFSWBM
 B DPOUSBEJDUJPO� 5IF PUIFS DBTFT DBO CF
FTUBCMJTIFE JO B TJNJMBS GBTIJPO�

/FYU XF XJMM BOBMZTF UIF USBKFDUPSZ PG UIF TPMVUJPO V(T,Q) PO UIF JOUFSWBM (R,ν∗) 	TFF
TFDUJPO ��� BOE àHVSF � GPS UIF OPUBUJPO SFMBUFE UP UIF EFàOJUJPO PG R
�

-FNNB ��� "TTVNF UIBU (.Q) IPMET GPS TPNF Q= G̃(R) ∈ ,� 5IFO UIFSF FYJTUT B NBYJNBM OPO�
FNQUZ JOUFSWBM (µ(R),ν∗) TVDI UIBU V(U,Q)> V(T,Q),T ∈ [U− I, U) GPS BMM U ∈ (µ(R),ν∗)� *O QBS�
UJDVMBS V ′(U,Q)> � 	QPTTJCMZ FYDFQU GPS POF QPJOU T= β+ K5 XIFSF V(T,Q) = V ′(T,Q) = �
 BOE
V(U,Q) TBUJTàFT 	#��
 PO (µ(R),ν∗)�

1SPPG� *OEFFE PUIFSXJTF UIFSF FYJTUT BO JODSFBTJOH TFRVFODF UO < ν∗, UO → ν∗ TVDI UIBU
V(UO)! V(TO) :=NBY{V(T),T ∈ [UO − I, UO]}. 4JODF V(ν∗ − I)< V(ν∗) XF DPODMVEF UIBU UIFSF
JT γ � � TVDI UIBU V(TO) =NBY{V(T),T ∈ [ν∗ − I− γ, UO]} GPS BMM MBSHF O� 'VSUIFSNPSF TO → ν∗�
JOEFFE JG TOK → σ ∈ [ν∗ − I,ν∗) GPS TPNF TVCTFRVFODF TOK  UIFO V(σ) = V(ν∗) UIBU JT OPU
BMMPXFE CZ (.Q)� 5IVT V(TO) =NBY{V(T),T ∈ [TO − I, UO]}.4JODF TO < UO UIJT DPOUSBEJDUT UIF
EFàOJUJPO PG ν∗�

"T B DPOTFRVFODF V(U,Q) TBUJTàFT 	#��
 PO (µ(R),ν∗)� #Z MFNNB �� V ′(T,Q) = � JG BOE
POMZ JG T= β+ K5 GPS TPNF JOUFHFS K BOE V(T,Q) = G̃(β) = ��

$PSPMMBSZ ��� 'PS FBDI Q ∈ , UIF JOFRVBMJUZ R(Q)<NBY{̃G(U), U ∈ R} IPMET�

1SPPG� *OEFFE JG R(Q) =NBY{̃G(U), U ∈ R}" Q GPS TPNF Q ∈ , MFNNBT � BOE �� JNQMZ UIBU
V(U,Q) TBUJTàFT 	#��
 BOE JODSFBTFT PO TPNF MFGU�IBOE TJEF OFJHICPVSIPPE PG ν∗ = � (NPE 5)�
)PXFWFS UIJT DPOUSBEJDUT UIF MBTU BTTFSUJPO PG MFNNB ���

$PSPMMBSZ ��� 8JUI UIF OPUBUJPOT PG MFNNB �� µ(β) = β�

1SPPG� -FNNB �� JNQMJFT UIBU UIF TPMVUJPO PG UIF JOJUJBM QSPCMFN V(β,�) = � JODSFBTFT PO
TPNF SJHIU�IBOE TJEF OFJHICPVSIPPE PG β� 5IFSFGPSF UIF HSBQI PG V(U,�) JODSFBTFT VOUJM JUT
àSTU JOUFSTFDUJPO BU TPNF QPJOU ([,R(�)), [ ∈ (β,β+ 5), XJUI UIF EFDSFBTJOH QBSU PG UIF HSBQI
PG UIF GVODUJPO G̃ : [5,β+ 5)→ (�,+∞)� 'PS CFUUFS WJTVBMJ[BUJPO PG UIJT TJUVBUJPO TFF UIF HSBQI
PG UIF TPMVUJPO V= V(U,Q�) XJUI Q� = � PO UIF MFGU GSBNF PG àHVSF $��

/PX XF BSF JO B DPOEJUJPO UP QSPWF UIF NBJO SFTVMUT JO TFDUJPOT ��� BOE ����

1SPPG PG UIFPSFN �� %VF UP UIF DPOUJOVPVT EFQFOEFODF PG TPMVUJPOT PO UIF JOJUJBM WBMVFT
V ′(U,Q) DPOWFSHFT VOJGPSNMZ UP V ′(U,Q�) PO [µ(R�),ν∗(R�)] BT Q→ Q�� #Z MFNNB � BOE DPSPM�
MBSZ �� ν∗(R�) ∈ ( K�5, K�5+β) GPS TPNF K�� 4FU µ∗(R�) =NBY{K�5,µ(R�)}� 5IFO MFNNB
�� BOE DPSPMMBSZ �� BTTVSF UIBU GPS FWFSZ àYFE TNBMM δ � � JU IPMET UIBU V ′(U,Q)> � GPS BMM
U ∈ [µ∗(R�)+ δ,ν∗(R�)− δ) JG Q JT TVGàDJFOUMZ DMPTF UP Q�� 5IJT JNQMJFT UIBU V(U,Q)> V(T,Q),
T ∈ [U− I, U) GPS U ∈ (µ∗(R�)+ δ,ν∗(R�)− δ) BOE UIFSFGPSF V(U,Q) IBT B MPDBM NBYJNVN QPJOU
ν̂(Q) TVDI UIBU ν̂(Q)→ ν∗(Q�) BT Q→ Q�� *O BEEJUJPO V(U,Q) JT TUSJDUMZ NPOPUPOF JO TPNF MFGU
BOE JO TPNF SJHIU OFJHICPVSIPPET PG ν̂(Q) BOE V(ν̂(Q),Q) =NBY{V(T,Q), T ∈ [ν̂(Q)− I, ν̂(Q)]}�

/PX TJODF β < I CZ MFNNB � ν̂(Q) JT UIF BCTPMVUF NBYJNVN QPJOU PG V(U,Q) PO UIF
JOUFSWBM ( K�5,β+ K�5) DPOUBJOJOH ν∗(R�)� 5IFSFGPSF JG XF TVQQPTF UIBU R IBT B EJTDPOUJOV�
JUZ BU Q� JU TIPVME FYJTU B TFRVFODF QL = G̃(RL)→ Q� = G̃(R�) BOE B QPTJUJWF JOUFHFS K� < K�
TVDI UIBU ν∗(RL) ∈ [K�5,β+ K�5) BOE ν∗(RL)→ µ∗ '= ν∗(R�) (NPE 5). 4JODF V(ν∗(RL),QL) =
NBY{V(T,QL), T ∈ [ν∗(RL)− I,ν∗(RL)]} JO WJFX PG UIF DPOUJOVPVT EFQFOEFODF PG V(U,Q) PO UIF
JOJUJBM EBUB XF DPODMVEF UIBU

V(µ∗,Q�) =NBY{V(T,Q�), T ∈ [µ∗ − I,µ∗]}.

���
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/PX JG µ∗ < β+ K�5 	J�F� V(µ∗,Q�) '= �
 UIFO CZ MFNNB � V(µ∗,Q�) =NBY{V(T,Q�), T ∈
[µ∗ − I,β+ K�5]} BOE [K�5,β+ K�5) 1 µ∗ = ν∗(R�) ∈ [K�5,β+ K�5) B DPOUSBEJDUJPO�

5IFSFGPSF µ∗ = β+ K�5

NBY{V(T,Q�), T ∈ [µ∗ − I,µ∗]}= V(µ∗,Q�) = V(β+ K�5,Q�) = �,

TP UIBU R(Q�) =R(�) BOE R(QL) = V(ν∗(RL),QL)→ V(µ∗,Q�) = V(β+ K�5,Q�) = ��

1SPPG PG DPSPMMBSZ ��� /PUF UIBU GPS Q= � BMM DPODMVTJPOT PG DPSPMMBSZ �� GPMMPX FBTJMZ GSPN
DPSPMMBSZ �� BOE UIFPSFN �� 5IVT JU TVGàDFT UP UBLF Q� �� $POTJEFS UIF TPMVUJPO V(U,Q) PO UIF
JOUFSWBM *R = (R,R+ I]� *G V(U,Q)! Q GPS BMM U ∈ *R BOE 	��
 IPMET XF PCUBJO

V(R+ I,Q) = FBIQ+
ˆ R+I

R
FB(I+R−T)[CQ+ G(T)]ET=

= FBIQ+ Q
C
B
(FBI − �)+

ˆ I

�
FBTG(R+ I− T)ET" Q. 	#��


5IJT TIPXT UIBU V(S,Q) = Q BU TPNF MFGUNPTU QPJOU S ∈ (R,R+ I] XIFSF V ′(S,Q)" �� *G
V ′(S,Q) = � UIFO Q= V(S,Q) = G̃(S) TP UIBU S ∈ (β,5)� /PX TJODF V ′(U,Q) = BV(U,Q)+ CQ+
G(U) GPS U ∈ [R,S] UIF EJGGFSFODF N(U) = V(U,Q)− Q TBUJTàFT UIF FRVBUJPO

N′(U) = BN(U)+ G(U)− G(S), N(S) = �, U ∈ [R,S].

5IVT CZ UIF WBSJBUJPO PG DPOTUBOUT GPSNVMB GPS BMM U ∈ (R,S)

(V(U,Q)− Q)FYQ(−BU) =
ˆ U

S
FYQ(−BT)( G(T)− G(τ))ET> �,

QSPWJOH UIBU V(U,Q)> Q GPS U ∈ (R,S) B DPOUSBEJDUJPO� 5IVT V ′(S,Q)> � TP UIBU V(U,Q) JT JODSFBT�
JOH PO UIF OPO�FNQUZ JOUFSWBM (S,ν∗(R)) S= µ(R) BOER(Q)> Q� $MFBSMZ ν∗(R) ∈ (5,β+ 5)
	SFDBMM UIBU I< 5 BOE V(U,Q)> Q" � PO (S,ν∗(R))
 TP UIBU HSBQI PG UIF TPMVUJPO V(U,Q),
U ∈ [R,ν∗(R)] EPFT OPU JOUFSTFDU UIF TFU {(β+ K5,�) : K" �}� )FODF CZ UIFPSFN � R JT DPO�
UJOVPVT BU Q JG 	��
 IPMET�

1SPPG PG DPSPMMBSZ ��� 8F DMBJN UIBU V(T,Q)< V(ν∗,Q) GPS BMM T ∈ [ν∗ − I,ν∗)� *OEFFE PUIFS�
XJTF NBY{V(T,Q),T ∈ [U− I, U]}"R(Q) GPS BMM U ∈ [ν∗ − I,ν∗] TP UIBU

R(Q) = FBIV(ν∗ − I,Q)+
ˆ ν∗

ν∗−I
FB(ν

∗−T)[C NBY
X∈[T−I,T]

V(X,Q)+ G(T)]ET

! FBIR(Q)+
ˆ ν∗

ν∗−I
FB(ν

∗−T)[CR(Q)+ G(T)]ET

= FBIR(Q)+
ˆ I

�
FBT[CR(Q)+ G(ν∗ − T)]ET<R(Q),

B DPOUSBEJDUJPO� 5IVT DPOEJUJPO (.Q) JT TBUJTàFE BOE UIFPSFN � JNQMJFT UIF DPOUJOVJUZ PGR BU
Q PODF R(Q) '=R(�)�

1SPPG PG DPSPMMBSZ ��� *O WJFX PG DPSPMMBSZ �� UIF HSBQI PG V(U,�) JODSFBTFT VOUJM JUT àSTU
JOUFSTFDUJPO BU TPNF QPJOU ([,R(�)), [ ∈ (5,β+ 5) XJUI UIF EFDSFBTJOH QBSU PG UIF HSBQI Γ
PG G̃ : (5,β+ 5)→ (�,+∞) 	OPUF UIBU [�5 EVF UP DPSPMMBSZ ��

� 4JODF V(U,�) IBT B TUSJDU
NBYJNVN BU [ JU GPMMPXT UIBU

V([,�)> V(T,�), GPS BMM T ∈ [[− I,[+ ε] \ {[},

���
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GPS BMM TNBMM ε� � BOE IFODF XF DPODMVEF UIBU GPS Q� � DMPTF UP � UIF TPMVUJPOT V(U,Q) IBWF
BMTP TUSJDU NBYJNB BU TPNF QPJOUT DMPTF UP [� 5IFSFGPSF UIF DPOUJOVPVT EFQFOEFODF PG V(U,Q)
PO UIF WBSJBCMFT 	U Q
 JNQMJFT UIBU UIF QPJOU (ν∗(R),R(Q)) DIBOHFT DPOUJOVPVTMZ CFMPOHJOH UP
Γ XIJMF R(Q)" Q� #Z UIF DPOUJOVJUZ PG V(U,Q) PVS BSHVNFOU TUJMM XPSLT XIFO Q CFMPOHT UP
TPNF SJHIU�IBOE OFJHICPVSIPPE PG UIF MFBTU àYFE QPJOU Q∗�

'JOBMMZ JG (.Q) IPMET GPS BMM Q ∈ , UIFO DPOEJUJPO R(Q)" Q DBO CF PNJUUFE JO UIF BCPWF
BSHVNFOUBUJPO BOE R IBT B DPOUJOVPVT HSBQI VOUJM UIF àSTU JOUFSTFDUJPO PG JUT DMPTVSF XJUI UIF
SFBM BYJT BU TPNF QPJOU D XIFSF R(D−) = �, R(D) =R(�)> ��

1SPPG PG UIFPSFN ��� #Z UIFPSFN � R JT DPOUJOVPVT BU Q JG V(U,Q) JT 6�TIBQFE BOE JG UIF
HSBQI PG V(U,Q) EPFT OPU JOUFSTFDU UIF TFU {(β+ L5,�) : L ∈ N, L" �} PO UIF JOUFSWBM (R,ν∗(R))�
4VQQPTF UIBU R JT DPOUJOVPVT BU B QPJOU Q̄= Q(R̄) XJUI R̄< β�. 8F DMBJN UIBU R ′(Q̄) =∆(R̄)�
*OEFFE TJODF R̄< β� XF IBWF UIBU λ(R̄) = R̄+ I< µ(R̄) BOE UIFSFGPSF GPS BMM Q DMPTF UP Q̄ JU
IPMET

R(Q) = V(ν∗(R),Q) = V(µ(R),Q)F(B+C)(ν∗(R)−µ(R)) +

ˆ ν∗(R)

µ(R)
F(B+C)(ν∗(R)−T)G(T)ET,

XIFSF GPS CSFWJUZ XF QSFTFSWF UIF OPUBUJPOT ν∗(R),µ(R) GPS UIF DPNQPTJUF GVODUJPOT ν∗ ◦ R(Q)
BOE µ ◦ R(Q)� "T XF IBWF NFOUJPOFE UIF FRVBMJUZ V ′(ν∗(R),Q) = � FMJNJOBUFT UIF EFQFOEFODF
PG R ′(Q) PO ∂Rν∗(R) BOE MFBET UP UIF GPMMPXJOH FYQSFTTJPO�

R′(Q) = F(B+C)(ν∗(R)−µ(R)) (∂Q(V(µ(R),Q)))− ((B+ C)V(µ(R),Q)+ G(µ(R))∂Qµ(R)) ,

/PX XF IBWF UP DBMDVMBUF UIF QBSUJBM EFSJWBUJWF ∂Q(V(µ(R),Q))� " LFZ PCTFSWBUJPO IFSF JT UIBU
TJODF V(U,Q) JT 6�TIBQFE JU TBUJTàFT UIF GPMMPXJOH EFMBZ EJGGFSFOUJBM FRVBUJPO PO [R,µ(R)]�

V′(U) = BV(U)+ CV(U− I)+ G(U), U ∈ [R,µ(R)], V(T) = Q, T ∈ [R− I,R].

5IVT VTJOH UIF BCPWF NFOUJPOFE GVOEBNFOUBM TPMVUJPO W BOE UBLJOH JOUP BDDPVOU UIF JOJUJBM
DPOEJUJPO V(T,Q) = Q T ∈ [R− I,R] GSPN <�� TFDUJPO ���> XF PCUBJO UIBU

V(µ(R),Q) = W(µ(R)− R)Q+ CQ
ˆ R

R−I
W(µ(R)− T− I)ET+

ˆ µ(R)

R
W(µ(R)− T)G(T)ET.

"T B DPOTFRVFODF TJODF V(µ(R),Q) = V(µ(R)− I,Q) W ′(U) = BW(U)+ CW(U− I), U � � XF àOE
UIBU

∂Q(V(µ(R),Q)) = V′(µ(R),Q)∂Qµ(R)+ W(µ(R)− R)+ C
ˆ R

R−I
W(µ(R)− T− I)ET

+(−W′(µ(R)− R)Q− W(µ(R)− R)G(R)

+ CQW(µ(R)− R− I)− CQW(µ(R)− R))∂QR

= V′(µ(R),Q)∂Qµ(R)+ W(µ(R)− R)+ C
ˆ R

R−I
W(µ(R)− T− I)ET

= [(B+ C)V(µ(R),Q)+ G(µ(R))]∂Qµ(R)+ W(µ(R)− R)

+ C
ˆ R

R−I
W(µ(R)− T− I)ET.

���
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*O UIJT XBZ

R ′(Q) = F(B+C)(ν∗(R)−µ(R))
[
W(µ(R)− R)+ C

ˆ R

R−I
W(µ(R)− T− I)ET

]

=∆(R). 	#��


/FYU JOUFHSBUJOH FRVBUJPO 	��
 XF àOE UIBU ∆(R) JT B DPNCJOBUJPO PG TPNF FMFNFOUBSZ GVOD�
UJPOT EFQFOEJOH PO B C I λ(R) µ(R) BOE ν∗(R)� 5IF DPOUJOVPVT EFQFOEFODF PG λ(R) µ(R)
BOE ν∗(R) PO R CFMPOHJOH UP TPNF TNBMM OFJHICPVSIPPE O PG R̄ JNQMJFT UIF DPOUJOVJUZ PG
R ′(Q) =∆(R) JO O�

0CTFSWF BMTP UIBU UIF TJHO PG R ′(Q) JT DPNQMFUFMZ EFàOFE CZ UIF GBDUPS HJWFO JO CSBDLFUT
JO 	#��
� *O WJFX PG UIF 6�TIBQFE GPSN PG V(U,Q) UIF GVODUJPO µ(R) JT $��TNPPUI TP UIBU UIF
BGPSFNFOUJPOFE GBDUPS EFQFOET DPOUJOVPVTMZ PO Q� %JGGFSFOUMZ ν∗(R) JT EJTDPOUJOVPVT BU UIF
QSF JNBHFT PG UIF EJTDPOUJOVJUZ QPJOUT QK = G̃(RK) PGR� "TTVNJOH UIBU UIFSF FYJTUR ′(QK+) BOE
R ′(QK−) XF àOE JNNFEJBUFMZ UIBU

R′(QK+) =R′(QK−)F(B+C)(ν∗(β)−β) <R′(QK−).

#Z DPSPMMBSZ �� FJUIFS R JT DPOUJOVPVT PO , PS UIFSF FYJTUT B MFGUNPTU EJTDPOUJOVJUZ QPJOU
Q�� *O UIF àSTU DBTFR IBT B VOJRVF DSJUJDBM QPJOU G̃(τ) PO , BOE ν∗(R)< 5+β GPS BMM R� *O UIF
TFDPOE DBTFR JT DPOUJOVPVT BOE TUSJDUMZ EFDSFBTJOH PO [ G̃(τ),Q�) XJUIR(Q�−) = �, R(�) =
R(Q�)�

/FYU XF DMBJN UIBU ν∗(R)> β+ 5 GPS Q> Q�� *OEFFE JG ν∗(R̂)< β+ 5 GPS TPNF Q̂=
G̃(R̂)> Q� UIFO UIF OFHBUJWJUZ PG R ′(Q) =∆(R) GPS R ∈ [R̂,R�] ZJFMET R(Q)"R(Q̂)> � GPS
BMM Q ∈ [ G̃(R�), Q̂]� 4JODF Q� ∈ [ G̃(R�), Q̂] UIJT DPOUSBEJDUT UIF QSPQFSUZ R(Q�−) = �� 5IFSFGPSF
DPOTJEFSJOH UIF 6�TIBQFE GPSN PG V(U,Q) BOE UIF JOFRVBMJUZ R ′(Q)< � XF DPODMVEF UIBU UIF
HSBQI PG V(U,Q) EPFT OPU DPOUBJO UIF QPJOU (β+ 5,�) GPS Q> Q�� 5IJT BMMPXT VT UP SFQFBU UIF
BSHVNFOUBUJPO PG DPSPMMBSZ �� GPS UIF DBTF XIFO ν∗(R) ∈ (�5,β+ �5)� *O QBSUJDVMBS XF PCUBJO
UIBU R JT DPOUJOVPVT BOE TUSJDUMZ EFDSFBTJOH PO TPNF NBYJNBM PQFO SJHIU OFJHICPVSIPPE O�

PG Q� BOE UIBU JG Q� := TVQO� JT BO JOUFSJPS QPJOU PG , UIFO R(Q�−) = �, R(�) =R(Q�)�
#Z BQQMZJOH SFQFBUFEMZ UIF BCPWF QSPDFEVSF XF DPOTUSVDU UIF TFRVFODF {QK}XJUI UIF QSPQ�

FSUJFT NFOUJPOFE JO UIF TUBUFNFOU PG UIF UIFPSFN�

"QQFOEJY $� 1SPPG PG UIFPSFN ��

)FSF XF QSFTFOU B QSPPG PG UIFPSFN �� CBTFE PO UIF BOBMZTJT PG UIF FYQMJDJU GPSNVMBF GPS UIF
TPMVUJPOT PG UIF JOJUJBM WBMVF QSPCMFN

V ′(U) = BV(U)− V(U− I)+ �− TJO U, V(T)≡ Q

= (�− TJOR)/E, T ∈ [R− I,R], 	$��


XIFSF B= ���� I= �π/� E= ���� BOE R ∈ [−�.�π,�.�] 	OPUF UIBU CZ FYBNQMF �� β� ≈
�.�����< �.�
� 'PS PVS QVSQPTFT JU TVGàDFT UP JOUFHSBUF 	$��
 PO UXP TUFQT� [R,R+ I] BOE
[R+ I,R+ �I]� &RVBUJPO 	$��
 JT MJOFBS JOIPNPHFOFPVT TP UIBU UIF GPMMPXJOH TJNQMF PCTFSWB�
UJPO XJMM CF VTFE SFQFBUFEMZ JO UIF TFRVFM� UIF VOJRVF QFSJPEJD TPMVUJPO Q	U
 PG UIF PSEJOBSZ
EJGGFSFOUJBM FRVBUJPO V ′(U) = BV(U)+ LTJO(U+ϕ) IBT UIF GPSN

V(U) =− L√
B� + �

TJO(U+ϕ+ θ�), XIFSF θ� := BSDTJO
�√

B� + �
.

���
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6TJOH UIJT PCTFSWBUJPO BOE JOUFHSBUJOH 	$��
 PO [R,R+ I] XF FBTJMZ àOE UIBU

V(U) = $� TJO(U+ θ�)+$� +$�F
B(U−R), XIFSF $� =

�√
B� + �

, $� =
Q− �
B

, 	$��


$� = Q−$� −$� TJO(R+ θ�).

)FODF TPMWJOH 	$��
 PO [R+ I,R+ �I] BNPVOUT UP UIF JOUFHSBUJPO PG UIF MJOFBS JOIPNPHFOFPVT
PSEJOBSZ EJGGFSFOUJBM FRVBUJPO

V ′(U) = BV(U)− ($� TJO(U− I+ θ�)+$� +$�FB(U−I−R))+ �− TJO U, 	$��


TVCKFDU UP UIF JOJUJBM DPOEJUJPO

V(R+ I) =−$� DPT(R+ θ�)+$� +$�FBI =: $�. 	$��


5IF TPMVUJPO PG 	$��
 BOE 	$��
 JT HJWFO CZ

V(U) = $∗
� DPT(U+ �θ�)+$� TJO(U+ θ�)+$∗

� −$�(U− I− R)FB(U−I−R)

+$∗
�F

B(U−I−R), 	$��


XIFSF

$∗
� =

�
B� + �

, $∗
� =

$� − �
B

, $∗
� = $� −$∗

� TJO(R+ �θ�)+$� DPT(R+ θ�)−$∗
� .

5IJT JNQMJFT UIBU UIF àSTU EFSJWBUJWF V ′(U) JT BO BOBMZUJD GVODUJPO PG UIF WBSJBCMFT R ∈
[−�.�π,�.�] BOE U ∈ [R+ I,R+ �I]�

V′(U) =−$∗
� TJO(U+ �θ�)+$� DPT(U+ θ�)+ [−$�B(U− I− R)

+($∗
�B−$�)]FB(U−I−R).

/PUF BMTP UIBU

V(R+ �I)− V(R+ I) =−$∗
� DPT(R+ �θ�)−$� TJO(R+ θ�)+$∗

� −$�IFBI

+$∗
�F

BI −$�.

-FNNB ��� 'PS BMM R ∈ [�.���,�.�] U ∈ [R+ I,R+ �I] JU IPMET UIBU V ′(U)> �� 'VSUIFSNPSF
V(R+ �I)− V(R+ I)> � GPS BMM R ∈ [−�.��,�.�]�

1SPPG� *U JT DPOWFOJFOU UP JOUSPEVDF UIF OFX WBSJBCMF T= U− R− I ∈ [�,I] = [�,�.�π]� 5IFO
XF IBWF UP FWBMVBUF UIF FMFNFOUBSZ GVODUJPO

Ψ(T,R) = $� TJO(T+ R+ θ�)+$∗
� DPT(T+ R+ �θ�)+ [−$�BT+($∗

�B−$�)]FBT

PO UIF SFDUBOHMFΠ= [�,�.�π]× [�.���,�.�]� 4JODF NJO{Ψ(T,R), (T,R) ∈Π}= �.���� . . .  UIF
àSTU BTTFSUJPO PG UIF MFNNB JT QSPWFE� 4JNJMBSMZ UIF TFDPOE DPODMVTJPO GPMMPXT GSPN UIF DPN�
QVUBUJPO PG NJO{V(R+ �I)− V(R+ I), R ∈ [−�.��,�.�]}≈ �.�����.

4JODF [�,�.���]⊆ [�, G̃(�.���)] BOE UIF JOFRVBMJUZ V ′(U)> � U ∈ [R+ I,R+ �I] HVBSBOUFFT
UIBU UIF POMZ DSJUJDBM QPJOU PG V	U
 PO UIF JOUFSWBM [R,R+ I] JT B NJOJNVN QPJOU BOE UIBU µ(R)<
ν∗(R) XF PCUBJO UIF GPMMPXJOH SFTVMU�

$PSPMMBSZ ��� GPS BMM Q ∈ [�,�.���] UIF TPMVUJPO V(U,Q) JT 6�TIBQFE PO UIF JOUFSWBM (R,ν∗(R))
	TFF àHVSF $�
� .PSFPWFS µ(R)− R< �π TP UIBU CZ SFNBSL �� JU IPMET R ′(Q+)< � GPS BMM
Q ∈ (̃G(R�),�.���] XIFSF R� ≈ �.���� JT DPNQVUFE JO FYBNQMF ���

-FNNB ��� 5IF HSBQI PG V(U,Q) EPFT OPU DPOUBJO UIF QPJOU (�.�π,�) BOE DPOEJUJPO (.Q) JT
TBUJTàFE XIFOFWFS Q ∈ I = [�.��,�/�.��]�

���
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'JHVSF $�� (SBQIT PG TPMVUJPOT V= V(U,QK) PO U ∈ [RK,ν∗(RK)] UPHFUIFS XJUI UIF TJOF�
MJLF GVODUJPO G̃� 0O UIF MFGU� QK = G̃(RK) = �.��� �

√
����K, K= �, . . . ,��� 0O UIF SJHIU� QK =

G̃(RK) = �+ �.���
√
��J, J= �, . . .���

1SPPG� 'JSTU OPUF UIBU V(U,Q) = V(U), U ∈ [R,R+ �.�π], GPS BMM Q ∈ I� *O QBSUJDVMBS V	U
 IBT B
VOJRVF DSJUJDBM QPJOU 	HMPCBM NJOJNVN QPJOU
 PO UIF JOUFSWBM (R,R+ �.�π] TP UIBU V(U)< � PO
[π,R+ �.�π] JG V(π)< � BOE V(R+ �.�π) = $� < �� *U JT FBTZ UP DIFDL UIBU UIFTF JOFRVBMJUJFT
IPME GPS BMM R ∈ [−�.�π,�.��]�

/FYU GPS BMM U ∈ [R+ �.�π,R+ �π] XF àOE UIBU

V′(U,Q) = �.��V(U,Q)−6(U,Q)+ �− TJO U! �.��V(U,Q)− V(U− I,Q)+ �− TJO U.

5IVT B TUBOEBSE DPNQBSJTPO BSHVNFOU TIPXT UIBU V(U,Q)! V(U) U ∈ [R+ �.�π,R+ �π] XIFSF
V	U
 JT HJWFO CZ 	$��
� /PX TFUUJOH T= U− R− I ∈ [�,I] = [�,�.�π] XF QSFTFOU V	U
 BT

Φ(T,R) = $∗
� TJO(T+ R+ �θ�)−$� DPT(T+ R+ θ�)+$∗

� + [−$�T+$∗
� ]F

BT.

5IFO UIF JOFRVBMJUZ V(U)< �, U ∈ [R+ �.�π,�.�π], IPMET GPS BMM R ∈ [−�.�π,�.��] JG Φ(T,R)<
� PO UIF TFU Π� = {(T,R) : T+ R! π,R ∈ [−�.�π,�.��],T" �}� /PX XF àOE UIBU

NBY{Φ(T,R), (T,R) ∈Π�}=−�.���� . . . < �.

5IVT V(U,Q)< � GPS BMM U ∈ [π,�.�π] XIFOFWFS R ∈ [−�.�π,�.��]� 5IJT QSPWFT UIF àSTU BTTFS�
UJPO PG UIF MFNNB� 'JOBMMZ TJODF R(Q)> � DPOEJUJPO (.Q) JT TBUJTàFE GPS FBDI Q ∈
[ G̃(�.��), G̃(−π/�)] = [�.�� . . . ,�/�.��]�

/PX XF BSF JO B QPTJUJPO UP QSPWF UIFPSFN ���

1SPPG PG UIFPSFN ��� 4JODF UIF DPNQVUBUJPO PG R(Q̄) GPS FBDI HJWFO Q̄= G̃(R̄) ∈ , BNPVOUT
UP UIF FYQMJDJU JOUFHSBUJPO PG TPNF àSTU PSEFS JOIPNPHFOFPVT MJOFBS EJGGFSFOUJBM FRVBUJPOT XJUI
DPOTUBOU DPFGàDJFOUT PO B àOJUF JOUFSWBM [R̄,ν∗(R̄)] BOE àOEJOH [FSPT PG TJNQMF FMFNFOUBSZ
GVODUJPOT PO UIF TBNF JOUFSWBM XF XJMM BTTVNF UIBU UIF WBMVF PG R(Q̄) DBO CF GPVOE XJUI UIF
SFRVJSFE BDDVSBDZ� 'PS FYBNQMF UIF WBMVF PGR(�)≈ �.� DBO CF GPVOE CZ TPMWJOH UIF FRVBUJPO
V(U) = G̃(U) PO UIF JOUFSWBM [�.�π,�.�π] XIFSF V	U
 JT HJWFO CZ 	$��
� *O B TJNJMBS XBZ XF DBO
DPNQVUF UIF WBMVF PG R(R(�))≈ �.��.

/FYU DPSPMMBSZ �� BOE SFNBSL �� BMMPX UP BQQMZ UIFPSFN �� PO UIF R�JOUFSWBM (α,β] =
(�.���,�.�π]� *O PSEFS UP QSPWF UIBU UIF BTTPDJBUFE Q�JOUFSWBM [ G̃(β), G̃(α)) = [�,�.� . . .) DPO�
UBJOT POF QPJOU Q� PG EJTDPOUJOVJUZ JU TVGàDFT UP UBLF R TVDI UIBU G̃(R) = �.�� BOE UP DIFDL UIBU

���
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ν∗(R) ∈ (�.�π,�.�π) 	TVDI R DPSSFTQPOET UP R�� JO UIF MFGU GSBNF PG àHVSF $�
� 5IJT FTUBC�
MJTIFT BMM TUBUFE QSPQFSUJFT PG R PO UIF JOUFSWBM [�,�.���]� $PODFSOJOH UIF DPNQVUBUJPO PG UIF
BQQSPYJNBUF WBMVF PG Q� OPUF UIBU Q� ∈ (B�,B�)⊂ [�,�.���] JG R(B�)<R(B�) 	QBSUJDVMBSMZ
XF PCUBJO JNNFEJBUFMZ UIBU Q� ∈ (�.�,�.��) XIJMF B NPSF BDDVSBUF TJNJMBS FTUJNBUF JNQMJFT
UIBU Q� ≈ �.�
�

'JOBMMZ MFNNB �� TIPXT UIBU DPOEJUJPO (.Q) JT TBUJTàFE GPS BMM Q ∈ I = [�.��,�/�.��]�
5IFO UIFPSFN � BOE UIF QSPPG PG DPSPMMBSZ �� JNQMZ UIBU UIF SFTUSJDUJPO R : [Q�,Q�)→ ,
IBT DPOUJOVPVT HSBQI VOUJM UIF àSTU FWFOUVBM JOUFSTFDUJPO PG JUT DMPTVSF XJUI UIF SFBM BYJT BU
TPNF QPJOU Q� XIFSF R(Q�−) = �, R(Q�) =R(�)> �� *O PSEFS UP FTUBCMJTI UIF FYJTUFODF PG
TVDI Q� BOE àOE JUT BQQSPYJNBUF WBMVF JU JT FOPVHI UP UBLF Q∗J = G̃(R∗J ) = �+ �.���

√
��L ∈

{�.�� . . . ,�.�� . . .}, XJUI L= ��,�� BOE UP OPUF BGUFS TUBOEBSE OVNFSJDBM�BOBMZUJDBM FTUJN�
BUJPOT UIBU ν∗(R∗��) ∈ (�.�π,�.�π) XIJMF ν∗(R∗��) ∈ (�.�π,�.�π)� 4FF UIF SJHIU GSBNF PG
àHVSF $��

03$*% J%

&EVBSEP -J[ B IUUQT���PSDJE�PSH��������������������

3FGFSFODFT

<�> #BJOPW % % BOE )SJTUPWB 4 ���� %JGGFSFOUJBM &RVBUJPOT 8JUI .BYJNB 	$3$ 1VSF BOE "QQMJFE
.BUIFNBUJDT
 	#PDB 3BUPO '-� $IBQNBO � )BMM


<�> #BLFS $ 5 ) ���� %FWFMPQNFOU BOE BQQMJDBUJPO PG )BMBOBZ�UZQF UIFPSZ� FWPMVUJPOBSZ EJGGFSFOUJBM
BOE EJGGFSFODF FRVBUJPOT XJUI UJNF MBH +� $PNQVU� "QQM� .BUI� ��� ����m��

<�> #BOUTVS / BOE 5SPàNDIVL & ���� &YJTUFODF BOE TUBCJMJUZ PG UIF QFSJPEJD BOE BMNPTU QFSJPEJD TPMV�
UJPOT PG RVBTJMJOFBS TZTUFNT XJUI NBYJNB 6LS� .BUI� +� �� ���m��

<�> #FOUIBN + ����"O *OUSPEVDUJPO UP UIF 1SJODJQMF PG .PSBMT BOE -FHJTMBUJPOT 	����
 	0YGPSE� #MBDL�
XFMM


<�> #MBODIáPXFS % ( BOE 0TXBME " + ���� *T XFMM�CFJOH 6�TIBQFE PWFS UIF MJGF DZDMF 4PD� 4DJ� .FE�
�� ����m��

<�> #SJDLNBO 1 $PBUFT % BOE +BOPGG�#VMNBO 3 ���� -PUUFSZ XJOOFST BOE BDDJEFOU WJDUJNT� JT IBQQJ�
OFTT SFMBUJWF +� 1FST� 4PD� 1TZDIPM� �� ���m��

<�> #SVOPWTLŹ 1 &SEÊMZJ " BOE 8BMUIFS )�0 ���� 0O B NPEFM PG B DVSSFODZ FYDIBOHF SBUF � MPDBM
TUBCJMJUZ BOE QFSJPEJD TPMVUJPOT +� %ZO� %JGGFS� &RV� �� ���m���

<�> &BTUFSMJO 3 " ���� &YQMBJOJOH IBQQJOFTT 1SPD� /BUM "DBE� 4DJ� ��� �����m��
<�> &EHFXPSUI ' : ���� .BUIFNBUJDBM 1TZDIJDT� "O &TTBZ PO UIF "QQMJDBUJPO PG .BUIFNBUJDT UP UIF

.PSBM 4DJFODFT 	SFQSJOUFE ����
 	/FX :PSL� .� ,FMMZ

<��> &SEÊMZJ " ���� " EFMBZ EJGGFSFOUJBM FRVBUJPO NPEFM PG PTDJMMBUJPOT PG FYDIBOHF SBUFT 1I% 5IFTJT

#SBUJTMBWB
<��> 'BSJB 5 -J[ & 0MJWFJSB + + BOE 5SPàNDIVL 4 ���� 0O B HFOFSBMJ[FE :PSLF DPOEJUJPO GPS TDBMBS

EFMBZFE QPQVMBUJPO NPEFMT %JTDSFUF $POUJO� %ZO� 4ZTU� " �� ���m���
<��> 'SBOLF 3 ���� 3FWJWJOH ,BMFDLJ�T CVTJOFTT DZDMF NPEFM JO B HSPXUI DPOUFYU +� &DPO� %ZO� $POUSPM

�� ���m��
<��> 'SFESJDLTPO # - ���� &YUSBDUJOH NFBOJOH GSPN QBTU BGGFDUJWF FYQFSJFODFT� UIF JNQPSUBODF PG QFBLT

FOET BOE TQFDJàD FNPUJPOT $PHO� &NPU� �� ���m���
<��> 'SFESJDLTPO # - BOE ,BIOFNBO % ���� %VSBUJPO OFHMFDU JO SFUSPTQFDUJWF FWBMVBUJPOT PG BGGFDUJWF

FQJTPEFT +� 1FST� 4PD� 1TZDIPM� �� ��m��

���
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<��> 'SFZ # 4 BOE 4UVU[FS " ���� .BYJNJTJOH IBQQJOFTT (FS� &DPO� 3FW� � ���m��
<��> 'SFZ # 4 BOE 4UVU[FS " ���� 8IBU DBO FDPOPNJTUT MFBSO GSPN IBQQJOFTT SFTFBSDI +� &DPO� -JU�

�� ���m��
<��> (BSBC " ,PWÃDT 7 BOE ,SJT[UJO 5 ���� (MPCBM TUBCJMJUZ PG B QSJDF NPEFM XJUI NVMUJQMF EFMBZT

%JTDSFUF $POUJO� %ZO� 4ZTU� " �� ����m��
<��> (JMCFSU % ���� 4UVNCMJOH PO )BQQJOFTT 	/FX :PSL� ,OPQG

<��> (SBIBN - BOE 0TXBME " + ���� )FEPOJD DBQJUBM BEBQUBUJPO BOE SFTJMJFODF +� &DPO� #FIBW� 0SHBO�

�� ���m��
<��> (VSOFZ 8 #MZUIF 4 BOE /JTCFU 3 ���� /JDIPMTPO�T CMPXáJFT SFWJTJUFE /BUVSF ��� ��m��
<��> )BMBOBZ " ���� %JGGFSFOUJBM &RVBUJPOT� 4UBCJMJUZ 0TDJMMBUJPOT 5JNF -BHT 	/FX :PSL� "DBEFNJD

<��> )BMF + , BOE 7FSEVZO -VOFM 4 . ���� *OUSPEVDUJPO UP 'VODUJPOBM %JGGFSFOUJBM &RVBUJPOT "QQMJFE

.BUIFNBUJDBM 4DJFODFT WPM �� 	/FX :PSL� 4QSJOHFS

<��> )VJKFS ) ���� 5SBDLJOH IBQQJOFTT 	BWBJMBCMF BU� XXX�USBDLJOHIBQQJOFTT�DPN�IBQQJOFTT�EJBSZ�

SFWJFX������
 	"DDFTTFE +BOVBSZ ����

<��> )VUDIJOTPO ( & ���� $JSDVMBS DBVTBM TZTUFNT JO FDPMPHZ "OO� /FX :PSL "DBE� 4DJ� �� ���m��
<��> *WBOPW " -J[ & BOE 5SPàNDIVL 4 ���� )BMBOBZ JOFRVBMJUZ :PSLF ��� TUBCJMJUZ DSJUFSJPO BOE EJG�

GFSFOUJBM FRVBUJPOT XJUI NBYJNB 5PIPLV .BUI� +� �� ���m��
<��> ,BIOFNBO % ���� 0CKFDUJWF )BQQJOFTT 8FMM�#FJOH� 5IF 'PVOEBUJPOT PG )FEPOJD 1TZDIPMPHZ FE

% ,BIOFNBO & %JFOFS BOE / 4DIXBS[ 	/FX :PSL� 5IF 3VTTFMM 4BHF 'PVOEBUJPO
 DI � QQ �m��
<��> ,BIOFNBO % 'SFESJDLTPO # - 4DISFJCFS $ " BOE 3FEFMNFJFS % " ���� 8IFO NPSF QBJO JT

QSFGFSSFE UP MFTT� BEEJOH B CFUUFS FOE 1TZDIPM� 4DJ� � ���m�
<��> ,BIOFNBO % 8BLLFS 1 1 BOE 4BSJO 3 ���� #BDL UP #FOUIBN &YQMPSBUJPOT PG FYQFSJFODFE VUJMJUZ

2� +� &DPO� ��� ���m���
<��> ,BIOFNBO % BOE 5WFSTLZ " 	FET
 ���� $IPJDFT 7BMVFT BOE 'SBNFT 	$BNCSJEHF� $BNCSJEHF 6OJ�

WFSTJUZ 1SFTT

<��> ,BMFDLJ . ���� " NBDSPFDPOPNJD UIFPSZ PG UIF CVTJOFTT DZDMF &DPOPNFUSJDB � ���m��
<��> ,BUPL " BOE )BTTFMCMBUU # ���� *OUSPEVDUJPO UP UIF .PEFSO 5IFPSZ PG %ZOBNJDBM 4ZTUFNT &ODZD�

MPQFEJB PG .BUIFNBUJDT BOE JUT "QQMJDBUJPOT WPM �� 	$BNCSJEHF� $BNCSJEHF 6OJWFSTJUZ 1SFTT

<��> ,FMMFS "" ���� 5JNF�%FMBZ 4ZTUFNT�8JUI "QQMJDBUJPOT UP &DPOPNJD %ZOBNJDT BOE $POUSPM 	4BBS�

CSÛDLFO� -"1 -".#&35 "DBEFNJD 1VCMJTIJOH

<��> ,PMZBEB 4 .JTJVSFXJD[ . BOE 4OPIB - ���� 5PQPMPHJDBM FOUSPQZ PG OPOBVUPOPNPVT QJFDFXJTF

NPOPUPOF EZOBNJDBM TZTUFNT PO UIF JOUFSWBM 'VOEBN� .BUI� ��� ���m��
<��> ,SJT[UJO 5 ����0O TUBCJMJUZ QSPQFSUJFT GPS POF�EJNFOTJPOBM GVODUJPOBM EJGGFSFOUJBM FRVBUJPOT'VOLD�

&LWBDJPK 4FS� *OU� �� ���m��
<��> -J[ & 5LBDIFOLP 7 BOE 5SPàNDIVL 4 ���� " HMPCBM TUBCJMJUZ DSJUFSJPO GPS TDBMBS GVODUJPOBM EJG�

GFSFOUJBM FRVBUJPOT 4*". +� .BUI� "OBM� �� ���m���
<��> -J[ & 5LBDIFOLP 7 BOE 5SPàNDIVL 4 ���� :PSLF BOE8SJHIU ����TUBCJMJUZ UIFPSFNT GSPN B VOJàFE

QPJOU PG WJFX %JTDSFUF $POUJO� %ZO� 4ZTU� ���� ���m�
<��> -J[ & BOE 5SPàNDIVL 4 ���� 0O B EZOBNJDBM NPEFM PG IBQQJOFTT 	JO QSFQBSBUJPO

<��> .BHPNFEPW " 3 ���� 0SEJOBSZ %JGGFSFOUJBM &RVBUJPOT 8JUI .BYJNB 	#BLV� &MN
 	JO 3VTTJBO

<��> .ZTILJT " % ���� 0O DFSUBJO QSPCMFNT JO UIF UIFPSZ PG EJGGFSFOUJBM FRVBUJPOT XJUI EFWJBUJOH BSHV�

NFOU 3VTT� .BUI� 4VSW� �� ���m���
<��> .ZTILJT " % ���� 4PWJFU .BUIFNBUJDJBOT� .Z .FNPSJFT 	.PTDPX� -,* 1VCM�
 	JO 3VTTJBO

<��> /H : , ���� 6UJMJUZ JOGPSNFE QSFGFSFODF PS IBQQJOFTT� GPMMPXJOH )BSTBOZJ�T BSHVNFOU UP JUT

MPHJDBM DPODMVTJPO 4PD� $IPJDF 8FMG� �� ���m���
<��> 1FUVLIPW 7 ���� 2VFTUJPOT BCPVU RVBMJUBUJWF JOWFTUJHBUJPOT PG EJGGFSFOUJBM FRVBUJPOT XJUI iNBY�

JNBu *[W� 7ZTTI� 6DIFCO� ;BWFE� .BU� � ���m�� 	JO 3VTTJBO

<��> 1JOUP . BOE 5SPàNDIVL 4 ���� 4UBCJMJUZ BOE FYJTUFODF PG NVMUJQMF QFSJPEJD TPMVUJPOT GPS B RVBTJ�

MJOFBS EJGGFSFOUJBM FRVBUJPO XJUI NBYJNB 1SPD� 3� 4PD� " ��� ����m��
<��> 4BNPJMFOLP " 5SPàNDIVL & BOE #BOUTVS / ���� 1FSJPEJD BOE BMNPTU QFSJPEJD TPMVUJPOT PG UIF

TZTUFNT PG EJGGFSFOUJBM FRVBUJPOT XJUI NBYJNB 3FQ� /BUM "DBE� 4DJ� 6LS� � ��m�� 	JO 6LSBJOJBO

<��> 4BSBGPWB ( ) BOE #BJOPW % % ���� "QQMJDBUJPO PG "� .� 4BNPJMFOLP�T OVNFSJDBM�BOBMZUJD NFUIPE

UP UIF JOWFTUJHBUJPO PG QFSJPEJD MJOFBS EJGGFSFOUJBM FRVBUJPOT XJUI NBYJNB 3FW� 3PVNBJOF 4DJ�
5FDI� 4FS� .FD� "QQM� �� ���m��� 	JO 3VTTJBO


<��> 4QSPUU + $ ���� %ZOBNJDBM NPEFMT PG IBQQJOFTT /POMJOFBS %ZO� 1TZDIPM� -JGF 4DJ� � ��m��

���
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<��> 5PVCPVM + 3PNBHOPOJ " BOE 4DIXBSU[ 3 ���� 0O UIF EZOBNJD JOUFSQMBZ CFUXFFO QPTJUJWF BOE
OFHBUJWF BGGFDUT /FVSBM $PNQVU� �� ���m���

<��> 7PVMPW ) BOE #BJOPW % ���� 0O UIF BTZNQUPUJD TUBCJMJUZ PG EJGGFSFOUJBM FRVBUJPOT XJUI ANBYJNB
3FOE� $JSD� .BU� 1BMFSNP �� ���m���

<��> 8BMUIFS )�0 ���� 5IF JNQBDU PO NBUIFNBUJDT PG UIF QBQFS i0TDJMMBUJPO BOE DIBPT JO QIZTJPMPHJDBM
DPOUSPM TZTUFNTu CZ .BDLFZ BOE (MBTT JO 4DJFODF ���� 	BS9JW�����������


<��> :PSLF + " ���� "TZNQUPUJD TUBCJMJUZ GPS POF EJNFOTJPOBM EJGGFSFOUJBM�EFMBZ FRVBUJPOT +� %JGGFS� &RV�
� ���m���

���


